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Description

Geometric Algebra has developed in the last decades from earlier pioneering
mathematics of Grassmann and Clifford. It promises to stimulate new methods and
insights in all areas of science and engineering dealing with spatial relationships,
including computer graphics and related fields. This course first introduces and
motivates the topic, and then provides example applications of interest for computer
graphics professionals and researchers.

Geometric Algebra unifies many different and redundant mathematical systems in current
use. It is especially useful for handling geometric problems, since it allows for intrinsic,
i.e., coordinate free, and dimensionally seamless descriptions of geometry. It has wide
application in computer graphics, e.g., kinematics and dynamics, simplicial calculations
(polygons, FEM), fluid flow, collision detection, quaternion splines , elastic
deformations, curve and surface definition, vector fields etc. In all cases, new insights
and improved algorithms invariably result. Geometric Algebra is a new and fundamental
language for the mathematics of computer graphics, as well as for modeling and
interactive techniques in general.
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Relevant web-sites
that provide hands-on experience and extended resources:
1. http://www.cgl.uwaterloo.ca/~smann/GABLE/

The hands-on interactive tutorial that will be demonstrated in the course. It
requires a copy of MATLAB. It will also be available at the CAL.

2. http://modelingnts.la.asu.edu/GC_R&D.html
Hestenes' web-site with many of the latest research papers in a wide variety of
areas and links to other sites.

3. http://www.mrao.cam.ac.uk/~clifford/
This is the Cambridge University site.

4. http://www-sigproc.eng.cam.ac.uk/vision
Mainly computer vision applications (GA and non-GA).

5. http://cid.nada.kth.seil
Several interactive mathematical learning environments (including GA).
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[a] mathematician is a Platonist on weekdays and a Formalist on Sundays. That is, when doing mathematics he is
convinced that he is dealing with objective reality ... when challenged to give a philosophical account of this reality,
he finds it easiest to pretend that he does not believe in it after all. ~P. Davis




Mathematics is Language

Primitive
Nouns Verbs
scalar, vector scalar, dot & cross products,

Vector Algebra scalar & vector addition
gradient, curl, ...

Complex Analysis real, imaginary additioq, mul.tiplication,
conjugation, ...

points, line, circles ... Intersection, union, ...

Synthetic Geometry




A Redundant Language

. Synthetic Geometry
Coordinate Geometry \
Complex Numbers \
Quaternions \

Vector Analysis -

Geometric

Tensor Analysis N >

SV S — Concepts
Grassmann Algebra /

Clifford Algebra /

Spinor Algebra

 (Consequences
— Redundant learning
— Complicates knowledge access

— Frequent translation

— Lower concept density, 1.€., theorems / definitions




A language for geometry

Hermann Grassmann 1809 - 1977 (Our Hero)
Geometric I Algebraic
Concepts Language

Properties of nouns

 (Grade - dimension
* Direction - orientation, attitude, how it sits in space

Ay f
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 Magnitude - scalar




A language for geometry

Hermann Grassmann 1809 - 1977 (Our Hero)

Geometric I Algebraic
Concepts Language

Properties of nouns

« (Grade - dimension

* Direction - orientation, attitude, how it sits in space
« Magnitude - scalar

e Sense - positive/negative, up/down, inside/outside

e S




Geometric Algebra

D. Hestenes, New Foundations for Classical Mechanics, Kluwer Academic Publishers, 1990

Geometric I Algebraic
Concepts Language

Primitive nouns

* Point o scalar grade O
* \/ector a directed line grade 1
e Bivector A directed plane grade 2
e Trivector T directed volume grade 3

o EfC.




Geometric Algebraic
Verbs e D—C it >

Addition c=a+b=b+a
Multiplication b A=-B
Commutivity a|l b=>ab = ba
Anticommutivity aL aOb=>ab=-ba
b
Associativity albOc=>(ab)c=a(bc)=T A
>

and others




Prepositions

William Kingston Clifford 1845 - 1879 (Another Hero)

« Complex analysis

Addition defines relation, l.e. a+ i b =(a, b)

 Clifford’s “geometric product” for vectors

ab=a/b + allb

/ N\

scalar bivector
( dot product) (exterior product)

prepositional add




Geometric Algebra

k-vectors (scalar, vector, bi-vector ...)

and multivectors (sums of k-vectors)

* Point o scalar grade O
 Vector a directed line grade 1
* Bivector A directed plane grade 2
* Trivector T directed volume grade 3
* Multivector M sum of k-vectors mixed grade

M=a+a+A+T+..)




Geometric Algebra

Addition

(commutes, associates, identity, inverse)

=) Familiar operation




Geometric Algebra

Addition

(commutes, associates, identity, inverse)

Multiplication

( geometric product®)

=) New operation




Geometric Algebra

Addition

(commutes, associates, identity, inverse)

Multiplication

( geometric product®)

al(a+A)=aa+ aA




The Geometric Product

What can two vectors do?

a
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What can two vectors do?

* Project

 Define bi-vector
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What can two vectors do?
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« Commute a/%: a|l b=>ab=ba




The Geometric Product

What can two vectors do?
* Project
 Define bi-vector

« Commute

allb=>ab=-ba

.aT_>
b

o Antl-commute




The Geometric Product

What can two vectors do?

* Project

 Define bi-vector

a b

 Commute )
/b al|| b=>ab=ba

Anti-commute

aT allb=>ab=-ba
b

ab=al//b + allb




The Geometric Product

... IS more basic!!
Dot product in terms of GP
a-b=1/2 (ab + ba) <+— scalar
Wedge product in terms of GP
allb=1/2 (ab-ba) <«— bivector

Note mm) a-b+alb=ab




Examples

. X Xpar
Reflection
Fora‘=1, -axa=-a(Xp * Xper) @
= - (a Xpar ax erp) a =X
== ( par perp a) X e

( par - perp) a‘
= = Xpar ¥ Xperp = X

perp




Examples

Rotations (p2=1)

x =-bxb=-b(-axa)b=(ba)x(ab)
(b a) x (a b) rotates x

through 2 //ab px

Nax




Examples

Let a*b=0 and a?=b?=1, define i=ab=-ba
I 1S an operator:

ai=a(ab)=a’b=>b

bi=(ai)i=ai‘=-a




Examples

Let a-b=0 and a?=bh?=1,

I 1s an operator:

ai=a(ab)=a’b=>b
rotates a by 90 degrees to b
bi=(ai)i=ai‘=-a
rotates a twice, giving i* = -1

define i=ab=-ba

-d a




Recapitulation

 (Graded elements with sense, direction and
magnitude

« Addition - verb and preposition

* Geometric product is sum of lower and higher
grades

* Dot and Wedge products defined by GP
« Two-sided vector multiplication reflects
* Bivector multiplication rotates vectors

« Special unit bivector I (pseudoscalar)




AXioms

1. Algebra with non-commutative multiply




AXioms

1. Algebra with non-commutative multiply
2. Scalar multiplication commutes 1 A=A /
3. For vector a2 =|al? =0, a scalar

4. a+ A, is a k-1 vector and a 1A, is a k+1 vector
where a°* A, =1/2(aA, - (1)kA, a)
and aOA, =1/2(aA, + (1)kA a)




AXioms

1. Algebra with non-commutative multiply
2. Scalar multiplication commutes 1 A=A /
3. For vector a2 =|al? =0, a scalar

4. a+ A, is a k-1 vector and a 1A, is a k+1 vector
where a°* A, =1/2(aA, - (1)kA, a)
and aOA, =1/2(aA, + (1)kA a)




AXioms

5. alUA, =0 for a k-dimensional space




AXioms

1. Non-commutative algebra — add and multiply
2. Scalar multiplication commutes 1 A=A /
3. For vector a? =|a|? >0, a scalar
4. a+ A, is a k-1 vector and a 1A, is a k+1 vector
where a°* A, =1/2(aA, - (1)kA, a)
and aOA, =1/2(aA, + (1)kA a)
1. a A, = 0 for a k-dimensional space




Example Algebra

Straight Lines _—

(x-a) Uu = 0 defines line

mm) X [lu=x[la=M, abivector

=) (x
mm) (X
mm) (X

Ju)ut = Mu? (division by vector!)
u) » ul + (x Ou) Ou? = Mu (expansion of GP)

u) e u' + 0 = Mu' (wedging parallel vectors)

mm) X — (X ° u) ul=Mu' (Laplace reduction theorem)
me) X =(M+ x°u) u
= (M + a) u




Example Algebra

Straight Lines _— ”7/
(x-a) Uu = 0 defines line / )
m) Xx=(M+ x°u)u
=(M+a) u

...or let d = Mu-'
x=d+ a ull, where

deu=Muleu
mm) deu=0 (grade equivalence)




Representations

Duality
Quaternions

Vector algebra
Spherical geometry

letz=ab=a-b+allb (a°=b?=1)
Let zT = ba = (ab)T (reverse = conjugate)
Since a- b= 1/2(ab + ba) = 1/2(z + z)
= Re z = A\cosb
and a b = 1/2(ab - ba) = 1/2(z - zV)
= Im z = Aisin@

then z= A(cos 0 + isinB) = Ae°

The shortest path to truth in the real domain
often passes through the complex domain

Hadamard




Representations

Complex analysis

Quaternions
Vector algebra
Spherical geometry

Let 0,, 0, and o, be
orthonormal basis vectors

then

{1, 04, 0,, 03, 0,0,, 0,03, 0,03, 0,0,03}

is a basis for the geometric algebra over R®




Representations

Complex analysis

Quaternions
Vector algebra
Spherical geometry

Let 0,, 0, and o, be
orthonormal basis vectors

then

{1, 04, 0,, 03, 0,0,, 0,03, 0,03, 0,0,03}

X

~_— |

Scalar vector bivector trivector

Let /= 0,0,0;, the pseudoscalar

What are: (0,0,0;)?=12? 10,? 10,0,?




Representations

Complex analysis
Let 0,, 0, and o, be
Quaternions orthonormal basis vectors

Vector algebra then
Spherical geometry

Let /=0,0,0;, the pseudoscalar

What are: (0,0,03)?2=1%? 10,? 10,0,?




Representations

C I lysi
omplex analysis (0,0, 05 2=]2=-9
Quaternions
Vector algebra oy 7?
Spherical geometry

lo,0,7?




Complex analysis

Quaternions
Vector algebra

Spherical geometry

Representations

o, 4

0,03

(010203)2 - I2 — '1

lo,=0,0,
transforms o, to 0,0,
lo,0,=0,4

transforms o, 0, to o;

lo, =0,0;




Representations

Complex analysis _
In general:

Quaternions
Vector algebra

Spherical geometry \
Pseudoscalar /

multiplication

NN




Representations

Complex analysis

Duality Let i=0,0,

Vector algebra J = 030;

Spherical geometry k = 0,0,
then

i2=j2=k2=-1 and ijk= -1

Hamilton’s equations for quaternions!




Representations

Complex analysis
Duality

Vector algebra
Spherical geometry

If (s, 94, 95, 43) IS a quaternion
then
R=s+iq,+jq,*kq;

t T~

scalar bivector

Is a general rotor in GA Recall X' = RxRt

Note: i, j, k are bivectors!




Representations

Complex analysis
Duality
Quaternions

axb=-ral/b

Spherical geometry A

a

, /ﬂb =-jaxh




Representations

Complex analysis
Duality
Quaternions
Vector algebra

A = bc
B =ca
C =AB?




Representations

Complex analysis
Duality
Quaternions
Vector algebra

A = bc
B =ca
C = AB =bcca = ba




Advantages of GA

* Unifying
— compact knowledge, enhanced learning,
eliminates redundancies and translation

* Geometrically intuitive

 Efficient

— reduces operations, coordinate free,
separation of parts

* Dimensionally fluid
— equations across dimensions




Bivectors

5 Not two vectors L

Examples:

PR N




The Geometry of the Algebra
SIGGRAPH 2001, Course #53

Leo Dorst Stephen Mann
University of Amsterdam University of Waterloo
Amsterdam, The Netherlands Waterloo, ON, Canada
leo@science.uva.nl smann@cgl.uwaterloo.ca

Geometric Algebra
e The geometric product ab does it all
e Algebraically, it is

— linear

associative
— non-commutative

— invertible

e We will visualize these properties

Properties
Algebra Geometry
anti-commutation 3(ab —ba) a A b spanning
commutation 3 (ab + ba) a - b complementation
perpendicularity
invertibility orthogonalization

division rotation




2 Leo Dorst and Stephen Mann

Outer product: spanning

aANb=—-bAa

e dimensionality
e attitude
® sense

e magnitude

W

e Equivalence
aN(b—a)=aANb

Amount of oriented area in a plane

DEMOouter
e Given a, all x with same z A a are on a line
e Extension: a A b A cis a volume

e dim(A A B) = dim(A) + dim(B) (but beware of overlap)
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Inner product

a-b="b-a
e A. B is part of B perpendicular to A

e Given a, all x with same x - a are on a hyperplane

DEMOinner

e dim(A- B) = dim(B) — dim(A)

Geometric Product is Invertible

e Now put it all together:

Given a and x - a and x A a, we can reconstruct x

wroa- line

i # a- plare

DEMOinvertible

e ra=2x-a-+xAais invertible
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The Parts of the Geometric Product

e You can separate the parts: = - a is a scalar

while x A a is bivector, but they don’t “mix”

¥anoa-line

i ® & - plane

e What is ‘+’ doing?
r=(ra)/a=(r-a)/a+ (x Na)/a

Are two terms on right both vectors?

Perpendicularity

Consider x = x, + x| relative to some vector a

e Geometrically: x| is part of x perpendicular to a
e (Classically: x; N\a=xAaand z, -a=0

e Geometric Algebra: z,a =z Aa
Solvable: z; = (z Aa)/a

Parallel Component

e Geometrically: x) is part of x parallel to a
e Classically: zyAa=0and z|-a=2-a

e Geometric Algebra: zja =z -a

Solvable: x| = (z - a)/a
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Rotations

e Many ways to do rotations in geometric algebra

e Given z and plane [ containing = (so x A I = 0)

Rotate = in the plane
x =xl

DEMOrotdefinition

e Coordinate free view
Rz = bit of  and bit of perpendicular to x

(amounts depend on rotation angle)

e Perpendicular to x in I plane (anti-clockwise) is
x-I=al =—Ix
e Rotation as post-multiply:
Rz = x(cos ¢) + (21)(sin ¢) = x(cos ¢ + I sin ¢)
e Rotation as pre-multiply:

Rz = (cos @) + (sing)(—1z) = (cos¢ — I sinp)x




Leo Dorst and Stephen Mann

Complex Rotations

e Related to complex numbers
I1=-1

but [ has a geometrical meaning

e We can write |cos ¢ + [ sin ¢ = el?

e Each rotation plane has own bivector [

so many “complex numbers” in space

e Bivector basis (i=e3 Aes, j=e3Ae;, k=e1 Aeg)

I =ai+Bj+k

Rotations in 3D
e Pick rotation plane I and (possibly non-coplanar) vector x

T =z, + x|

Would like to get Rigx =z, + Ry
e 1) rotation:

either e~ 1%z or ze!? (or even e~1¢/2ze/%/?)
e 1| rotation:

e 1y, = cospx, —sing (lz))

vector trivector

et =cospz, +sing (x 1)

(e_I‘z)xL)eM’ = cosopz, e —sing Iz el
= cos’¢xy +cospsinga I
—singcospla, —sin®¢lx, 1
= cos’px, —sin*pllz,
(cos® ¢ + sin? @)

Xy
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e Bottom line:

€_I¢/2$€I¢/2 =, +RI¢$|| — qusﬂ?

Rotors

e So R_jpx = e~ 19/23¢1%/2

e Further,

R_jyX = e~ 19/2X¢l9/2 = RX R

where X is any geometric object (vector, plane, volume, etc.)

RERT

DEMOrotor

e R =192 ig called a rotor

R~ = ¢19/2 is called the inverse rotor

Quaternions

e A rotor is a (unit) quaternion
e i, j, k are not complex numbers, they are

— bivectors (not vectors!)
— rotation operators for the coordinate planes
— basis for planes of rotation

— an intrinsic part of the algebra




8 Leo Dorst and Stephen Mann

Composing Rotations

Composition of rotations through multiplication
(RyoRy)x = Ry(Riz R ") = (RyRy)w(RoRy) ™!
e Ry R, is again a rotor.
It represents the rotation Ry o Ry

e Note: use geometric product to multiply rotors/quaternions

No new product is needed

Interpolation

R = l9/2 — (61¢/2/n61¢/2/n )

n

Do 1 rotation in n similar steps
vp o

DEMOinterpolation
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Briefly: Linear Algebra

e If a linear transformation of vectors is known

it is easily extended to k-vectors/blades

= / fix)

xhy
fiv) flxhyh=flx) ™ fiv)
¥ * f >
fix)

e This is called an outermorphism

e So linear algebra applies to higher dimensional objects
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Homogeneous model

e Get affine/homogeneous spaces by using one dimension for
“point at zero”

— Point: P =e+ psuch thate-p=20
— Vector: v such that e-v =0

— Tangent plane: bivector B such that e- B =0 (not a
normal!)

— Line: point P, point Q: PAQ = (e +p) A (q¢—p)
— Line: direction v, point P: PAv = (e+p)Av

&

/
/ﬁ/.f

QP

DEMOhomogeneous
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Meet and Join

e Homogeneous line intersection requires blade intersection:

meet(A,B)

e Dual operation, join(A,B), spans lowest grade subspace of A
and B.

DEMOhomogeneousmeet

For a free copy of GABLE and a geometric algebra tutorial, see
http://www.science.uva.nl/"leo/clifford/gable.html
http://wuw.cgl.uwaterloo.ca/ smann/GABLE/



Geometric algebra:
a computational framework
for geometrical applications

Leo Dorst and Stephen Mann

DRAFT April 24, 2001

Abstract

Geometric algebra is a consistent computational framework in which to
define geometric primitives and their relationships. This algebraic approach
contains all geometric operators and permits specification of constructions in
a totally coordinate-free manner. Since it contains primitives of any dimen-
sionality (rather than just vectors) it has no special cases: all intersections of
primitives are computed with one general incidence operator. We show that
the quaternion representation of rotations is also naturally contained within
the framework. Models of Euclidean geometry can be made which directly
represent the algebra of spheres.

1 Beyond vectors

In the usual way of defining geometrical objects in fields like computer graphics,
robotics and computer vision, one uses vectors to characterize the construction. To
do this effectively, the basic concept of a vector as an element of a linear space
is extended by an inner product and a cross product, and some rather extraneous
constructions such as homogeneous coordinates and Grassmann spaces (see [7]) to
encode compactly the intersection of, for instance, offset planes in space. Many
of these techniques work rather well in 3-dimensional space, although some prob-
lems have been pointed out: the difference between vectors and points, and the
affine non-covariance of the normal vector as a characterization of a tangent line
or tangent plane (i.e. the normal vector of a transformed plane is not the transform
of the normal vector). These problems are then traditionally fixed by the intro-
duction of certain data structures with certain combination rules; object-oriented
programming can be used to implement this patch tidily.
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Yet there are deeper issues in geometric programming which are still accepted
as ‘the way things are’. For instance, when you need to intersect linear subspaces,
the intersection algorithms are split out in treatment of the various cases: lines and
planes, planes and planes, lines and lines, et cetera, need to be treated in separate
pieces of code. The linear algebra of the systems of equations with its vanish-
ing determinants indicates changes in essential degeneracies, and finite and infinite
intersections can be nicely unified by using homogeneous coordinates. But there
seems no getting away from the necessity of separating the cases. After all, the out-
comes themselves can be points, lines or planes, and those are essentially different
in their further processing.

Yet this need not be so. If we could see subspaces as basic elements of compu-
tation, and do direct algebra with them, then algorithms and their implementation
would not need to split their cases on dimensionality. For instance, A A B could be
‘the subspace spanned by the spaces A and B’, the expression A - B could be ‘the
part of B perpendicular to A’; and then we would always have the computation
rule (AAB)-C = A- (B - C) since computing the part of C perpendicular to the
span of A and B can be computed in two steps, perpendicularity to B followed by
perpendicularity to A. Subspaces therefore have computational rules of their own
which can be used immediately, independent of how many vectors were used to
span then (i.e. independent of their dimensionality). In this view, the split in cases
for the intersection could be avoided, since intersection of subspaces always leads
to subspaces. We should consider using this structure, since it would enormously
simplify the specification of geometric programs.

This paper intends to convince you that subspaces form an algebra with well-
defined products which have direct geometric significance. That algebra can then
be used as a language for geometry, and we claim that it is a better choice than
a language always reducing everything to vectors (which are just 1-dimensional
subspaces). It comes as a bit of a surprise that there is really one basic product
between subspaces that forms the basis for such an algebra, namely the geometric
product. The algebra is then what mathematicians call a Clifford algebra. But for
applications, it is often very convenient to consider ‘components’ of this geomet-
ric product; this gives us sensible extensions, to subspaces, of the inner product
(computing measures of perpendicularity), the cross product (computing measures
of parallelness), and the meet and join (computing intersection and union of sub-
spaces). When used in such an obviously geometrical way, the term geometric
algebra is preferred to describe the field.

In this paper, we will use the basic products of geometric algebra to describe all
familiar elementary constructions of basic geometric objects and their quantitative
relationships. The goal is to show you that this can be done, and that it is compact,
directly computational, and transcends the dimensionality of subspaces. We will
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not use geometric algebra to develop new algorithms for graphics; but we hope you
to convince you that some of the lower level algorithmic aspects can be taken care
of in an automatic way, without exceptions or hidden degenerate cases by using
geometric algebra as a language — instead of only its vector algebra part as in the
usual approach.

2 Subspaces as elements of computation

As in the classical approach, we start with a real vector space R™ which we use
to denote 1-dimensional directed magnitudes. Typical usage would be to employ
a vector to denote a translation in such a space, to establish the location of a point
of interest. (Points are not vectors, but their locations are.) Another usage is to
denote the velocity of a moving point. (Points are not vectors, but their velocities
are.) We now want to extend this capability of indicating directed magnitudes
to higher-dimensional directions such as facets of objects, or tangent planes. In
doing so, we will find that we have automatically encoded the algebraic properties
of multi-point objects such as line segments or circles. This is rather surprising,
and not at all obvious from the start. For educational reasons, we will start with
the simplest subspaces: the ‘proper’ subspaces of a linear vector space which are
lines, planes, etcetera through the origin, and develop their algebra of spanning
and perpendicularity measures. Only in Section refmodels do we show some of
the considerable power of the products when used in the context of models of
geometries.

2.1 \ectors

So we start with a real m-dimensional linear space V™, of which the elements
are called vectors. They can be added, with real coefficients, in the usual way to
produce new vectors.

We will always view vectors geometrically: a vector will denote a “1-dimensional
direction element’, with a certain ‘attitude’ or ‘stance’ in space, and a ‘magnitude’,
a measure of length in that direction. These properties are well characterized by
calling a vector a ‘directed line element’, as long as we mentally associate an ori-
entation and magnitude with it: v is not the same as —v or 2v.

2.2 The outer product

In geometric algebra, higher-dimensional oriented subspaces are also basic ele-
ments of computation. They are called blades, and we use the term k-blade for
a k-dimensional homogeneous subspace. So a vector is a 1-blade. (Again, we
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first focus on ‘proper’ linear subspaces, i.e. subspaces which contain the origin:
the 1-dimensional homogeneous subspaces are lines through the origin, the 2-
dimensional homogeneous subspaces are planes through the origin, etc.)

A common way of constructing a blade is from vectors, using a product that
constructs the span of vectors. This product is called the outer product (sometimes
the wedge product) and denoted by A. It is codified by its algebraic properties,
which have been chosen to make sure we indeed get m-dimensional space elements
with an appropriate magnitude (area element for m = 2, volume elements for
m = 3). As you have seen in linear algebra, such magnitudes are determinants
of matrices representing the basis of vectors spanning them. But such a definition
would be too specifically dependent on that matrix representation. Mathematically,
a determinant is viewed as an anti-symmetric linear scalar-valued function of its
vector arguments. That gives the clue to the rather abstract definition of the outer
product in geometric algebra:

The outer product of vectors ay, - - -, a, is anti-symmetric, asso-
ciative and linear in its arguments. It is denoted as a; A - - - A ag, and
called a k-blade.

The only thing that is different from a determinant is that the outer product is
not forced to be scalar-valued; and this gives it the capability of representing the
‘attitude’ of a k-dimensional subspace element as well as its magnitude.

2.3 2-blades in 3-dimensional space

Let us see how this works in the geometric algebra of a 3-dimensional space V3.
For convenience, let us choose a basis {e1, ez, es} in this space, relative to which
we denote any vector (there is no need to choose this basis orthonormally — we have
not mentioned the inner product yet — but you can think of it as such if you like).
Now let us compute aAb for a = a1e; +ases +azez and b = b1e; +baey +bses.
By linearity, we can write this as the sum of six terms of the form a,bse; A e; Or
ai1bie; A e;. By anti-symmetry, the outer product of any vector with itself must
be zero, so the term with a1b1e; A e; and other similar terms disappear. Also by
anti-symmetry, e; A e; = —ej A ez, SO some terms can be grouped. You may
verify that the final result is:

aAb=

(a1e1 + ases + a3e3) A (blel + baeq + b3€3)
= (a1b2 — azbl) e A ey + (a2b3 — a3b2) €9 A es + (a3b1 — albg) €3 A €] (1)

We cannot simplify this further. Apparently, the axioms of the outer product permit
us to decompose any 2-blade in 3-dimensional space onto a basis of 3 elements.
This “2-blade basis’ (also called ‘bivector basis) {e; Aea, €2 Aes, e3Ae;} consists
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Figure 1. Spanning proper subspaces using the outer product.

of 2-blades spanned by the basis vectors. Linearity of the outer product implies
that the set of 2-blades forms a linear space on this basis. We will interpret this
as the space of all plane elements or area elements. Let us show that they have
indeed the correct magnitude for an area element. That is particularly clear if we
choose a particular orthonormal basis {e1, e, es}, chosen such that a lies in the
ej-direction, and b lies in the (eq,e2)-plane. Then a = aeq, b = bcospe; +
bsin ¢ ey (with ¢ the angle from a to b), so that

a/\b:(absin(b)el/\eQ (2)

This single result contains both the correct magnitude of the area a b sin ¢ spanned
by a and b, and the plane in which it resides — for we should learn to read e1 A es
as ‘the unit directed area element of the (e1, e2)-plane’. Since we can always adapt
our coordinates to vectors in this way, this result is universally valid: a A b is an
area element of the plane spanned by a and b.

You can visualize this as the parallelogram spanned by a and b, but you should
be a bit careful: the shape of the area element is not defined in a A b. For instance,
by the properties of the outer product, a A b = a A (b + Aa), for any A, so
the parallelogram can be sheared. Also, the area element is free to translate: the
sum of the area elements 1(a A b), (b A (—a)), 1((—a) A (=b)), 1((—=b) A a)
equals a A b; drawing this equation shows that we should imagine the area element
to have no specific location in its plane. You may also verify that an orthogonal
transformation of a and b in their common plane (such as a rotation in that plane)
leaves aAb unchanged. (This is obvious once you know the result for determinants
and note that a A b can always be expressed as in eq.(1), but we will revisit its
deeper meaning in Section 7).

It is important to realize that the 2-blades have an existence of their own, in-
dependent of any vectors that one might use to define them; that is reflected in the
fact that they are not parallelograms. Planes (or, more precisely, plane elements)
are nouns in our computational geometrical language, of the same basic nature as
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vectors (or line elements).

2.4 \olumes as 3-blades

We can also form the outer product of three vectors a, b, c¢. Considering each of
those decomposed onto their 3 components on some basis in our 3-dimensional
space (as above), we obtain terms of three different types, depending on how many
common components occur: terms like a1b1c1 e1 Aep Aeq, like a1bica €1 Aep Aes,
and like a1boc3 €1 A e A es. Because of associativity and anti-symmetry, only the
last type survives, in all its permutations. The final result is:

aAbAc= (a1b203 — a1bzco + asbics — asbser + agbico — a3b201) ei Nea Aes.

The scalar factor is the determinant of the matrix with columns a, b, ¢, which is
proportional to the signed volume spanned by them (as is well known from linear
algebra). The term e; A es A e is the denotation of which volume is used as unit:
that spanned by ey, es,e3. The order of the vectors gives its orientation, so this
is a ‘signed volume’. In 3-dimensional space, there is not really any other choice
for the construction of volumes than (possibly negative) multiples of this volume.
But in higher dimensional spaces, the attitude of the volume element needs to be
indicated just as much as we needed to denote the attitude of planes in 3-space.

2.5 Linear dependence

Note that if the three vectors are linearly dependent, they satisfy:
a,b,c linearly dependent <— aAbAc=0.

We interpret the latter immediately as the geometric statement that the vectors span
a zero volume. This makes linear dependence a computational property rather than
a predicate: three vectors can be ‘almost linearly dependent’. The magnitude of
a A b A c obviously involves the determinant of the matrix (a b ¢), so this view
corresponds with the usual computation of determinants to check degeneracy.

2.6 The pseudoscalar as hypervolume

Forming the outer product of four vectors a A b A ¢ A d in 3-dimensional space
will always produce zero (since they must be linearly dependent). To see this,
just decompose the vectors on some basis (for instance, the fourth vector on a basis
formed by the other 3), and apply the outer product. Since (aAbAc) is proportional
to e; A es A ez, multiplication by d will always lead to terms like e; Aex Aeg Aeq,
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in which at least two vectors are the same. Associativity and anti-symmetry then
makes all terms equal to zero.

The highest order blade which is non-zero in an m-dimensional space is there-
fore an m-blade. Such a blade, representing an m-dimensional volume element, is
called a pseudoscalar for that space (for historical reasons); unfortunately a rather
abstract term for the elementary geometric concept of ‘hypervolume element’.

The dimensionality of a k-blade is the number of vector factors that span it;
this is usually called the grade of the blade. It obeys the simple rule:

grade (A A B) = grade (A) + grade (B).. ()

Of course the outcome may be 0, so this zero element of the algebra should be seen
as an element of arbitrary grade. There is then no need to distinguish separate zero
scalars, zero vectors, zero 2-blades.

2.7 Scalars as subspaces

To make scalars fully admissible elements of the algebra we have so far, we can de-
fine the outer product of two scalars, and a scalar and a vector, through identifying
it with the familiar scalar product in the vector space we started with:

aANfB=aff and aAv=av

This automatically extends (by associativity) to the outer product of scalars with
higher order blades.

We will denote scalars mostly by Greek lower case letters. Since they are
constructed by the outer product of zero vectors, we can interpret the scalars as the
representation in geometric algebra of 0-dimensional subspace elements, i.e. as a
weighted points at the origin — or maybe you prefer ‘charged’, since the weight can
be negative. This is indeed consistent, we will get back to that when intersecting
subspaces in Section 4.

2.8 The Grassmann algebra of 3-space

Collating what we have so far, we have constructed a geometrically significant
algebra containing only two operations: the addition + and the outer multiplica-
tion A (subsuming the usual scalar multiplication). Starting from scalars and a
3-dimensional vector space we have generated a 3-dimensional space of 2-blades,
and a 1-dimensional space of 3-blades (since all volumes are proportional to each
other). In total, therefore, we have a set of elements which naturally group by their
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dimensionality. Choosing some basis {e1, e2, e3}, we can write what we have as
spanned by the set:

1 , ej,eze3 ,ejANey, ex/N\e3, e3Ne;, egAexAes (4)
~— —_———— N -~ -~ ~ -
scalars Vector space bivector space trivector space

Every k-blade formed by A can be decomposed on the k-vector basis using +.
The ‘dimensionality’ % is often called the grade or step of the k-blade or k-vector,
reserving the term dimension for that of the vector space which generated them. A
k-blade represents a k-dimensional oriented subspace element.

If we allow the scalar-weighted addition of arbitrary elements in this set of
basis blades, we get an 8-dimensional linear space from the original 3-dimensional
vector space. This space, with + and A as operations, is called the Grassmann
algebra of 3-space.

We have no interpretation (yet) for mixed-grade terms such as 1+ e;. Actually,
even addition of elements of the same grade is hard to interpret in spaces of more
than 3 dimensions, since it easily leads to elements that cannot be decomposed
using the outer product — so to non-blades, i.e. objects that cannot be ‘spanned’ by
vectors. (For instance, e; A e3 + eg A ey in 4-space cannot be written in the form
a A b —try it!) The general term for the sum of k-blades (for the same k) is k-
vector, and the general term for the mixed-grade elements permitted in Grassmann
algebra is multivector.

2.9 Many blades

¢From the way it is constructed through the anti-symmetric product, it should be
clear that the k-dimensional subspaces of an m-dimensional space have a basis
which consists of a number of independent elements equal to the number of ways
one can take k distinct indices from a set of m indices. That is

The linear space of k-vectors in m-space is (}*)-dimensional.
Adding them all up, we find:

The linear space of all subspaces of an m-dimensional vector space is
2™-dimensional.

To have a basis for all possible subspaces (through the origin) in 3-dimensional
space takes 23 = 8 elements, such as in eq.(4). You can characterize an element X
of that space therefore by a 8 x 1 matrix [X]. Since the outer product by another
element vector A is linear, A A X can be written as the action of a linear operator
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A on X, and hence be represented as a matrix multiplication [A"] [X], with [A7]
an 8 x 8 matrix. This is not a particularly efficient representation, but it shows that
this algebra of 4+ and A on a vector space is just a special linear algebra; a fact
which may give you some confidence that it is at least consistent.

When they just learn about this algebra, most people are put off by how many
blades there are, and some have rejected the practical use of geometric algebra
because of its exponentially large basis. This is a legitimate concern, and the im-
plementation just sketched obviously does not scale well with dimensionality. For
now, a helpful view may be to see this 2"-dimensional basis as a cabinet in which
all relationships which we may care to compute in the course of our computa-
tions in m-dimensional space can be filed properly: k-point relationships in the
() files in the k-th drawer. And the files themselves have clear computational
relationships (we have seen the outer product, more will follow). This should be
compared to the usual way in which such k-point relationships are made whenever
they are needed, but not preserved in a structural way relating them algebraically
to the other relationships of the application. This simile suggests that there might
be some potential gain in building up the overall structure rather than reinventing
it several times along the way, as long as we make sure that this organization does
not affect the efficiency of individual computations too much. This paper should
provide you with sufficient material to ponder this new possibility.

3 Relative subspaces measures

The outer product gives computational meaning to the notion of *spanning sub-
spaces’. It does not use any metric structure which we may have available for our
original vector space V™. The familiar inner product of vectors in a vector space
does use the metric — in fact, it defines the metric, since it gives a bilinear form
returning a scalar value a - b for each pair of vectors, which can be used to defined
the distance measure /(a — b) - (a — b). Now that vectors are viewed as rep-
resentatives of 1-dimensional subspaces, we of course want to extend this metric
capability to arbitrary subspaces. This leads to the scalar product, and its meshing
with the outer product gives a generalized inner product between blades.

3.1 The scalar product: a metric for blades

Between two blades A, and By, of the same grade &, we can define a metric mea-
sure. The most computational way of doing so is to span each of the blades by %
vectors: Ay =a; AagA---Aagand By = by Abg A--- Abyg. Then the scalar



10 Leo Dorst and Stephen Mann

product between them is defined as:

aj-by aj-bg_; --- a;-by
az-by az-bp 1 -+ az-by

ApxBg = : : . : (%)
ag-by ap-bg1 -+ ap-by

The unfortunate order of the factors was chosen historically. We get a nicer form
if we introduce an operation that reverses a factorization, for instance A = a; A
as A ag would become ag A as A a;. (We need this for other purposes as well,
or we would have preferred to fix the scalar product.) Due to the anti-symmetry
of the outer product, these differ only by a sign factor, for a k-blade a sign of

(—1)%’“(’“_1). We denote it by a tilde, so: A = ag Aas Aa; = —A. Now A « B
has nicely matching coefficients.

The value of A « B is independent of the factorization of A and B, as you
may verify by the properties of determinants: adding a multiple of, say as to a;
leaves the blade A unchanged, so it should give the same answer. In A -B, it leads
to addition of a multiple of the second column to the first, and this indeed leaves
the determinant unchanged — the two anti-symmetries in the definitions of A and
match well. The value of A % B is proportional to the cosine of the angle of the
two subspaces — if a rotation exists that rotates one into the other, otherwise it is
zero. The definition is extended to blades of different grade by setting A * B = 0
whenever the grades are different. So no scalar metric comparison is possible
between such different subspaces (but for them we have the inner product of the
next section).

The scalar product of a subspace with itself gives us the norm of the subspace,

defined as 1:
Al =\AxA (6)

For a 2-blade A = a; A as, with an angle of ¢ between a; and a,, you may
verify that this gives |A| = |a;| |az| | sin ¢|, the absolute value of the area measure,
precisely what one would hope.

3.2 The inner product

The geometric nature of blades means that there are relationships between the met-
ric measures of different grades: for instance, the angle two 2-blades make is re-
lated to that of two properly chosen vectors in their planes (see Figure 2). We

1This works only in a Euclidean metric in a real vector space; in other metrics one should define
the ‘norm squared’ and avoid the square root.
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ANB

Figure 2: The metric relationship between different spans.

should therefore be capable of relating those numerically. If a blade is spanned as
A AB, and we are interested in its measure relative to C we compute (A AB) xC;
but we should be able to find a similar measure between the subblade A, and some
subblade of C, which is ‘C with B taken out’. This can be used to define a new
product, through:

(AANB)*C=Ax(B-C), forallC (7)

The blade B - C is the inner product of B and C. Its grade is the difference of the
grades of C and B (since it should equal the grade of A in the definition). The
inner product can be interpreted more directly as

B - C is the blade representing the largest subspace which is con-
tained in the subspace C and which is perpendicular to the subspace
B; itis linear in B and C; it coincides with the usual inner product
b - ¢ of V™ when computed for vectors b and c.

The above determines the inner product uniquely?. It turns out not to be sym-
metrical (as one would expect since the definition is asymmetrical) and also not
associative. But we do demand linearity, to make it computable between any two
elements in our linear space (not just blades).

For later use, we just give the rules by which to compute the resulting inner
product for arbitrary blades, omitting their derivation. Then we will do some ex-
amples to convince you that it does what we want it to do. In the following «,
are scalars, a and b vectors and A, B, C blades of arbitrary order. We give the
rules in a slightly redundant form, for convenience in evaluating expressions.

scalars a-B=alAp (8)

2The resulting inner product differs slightly from the inner product commonly used in the geo-
metric algebra literature. Our inner product has a cleaner geometric semantics, and more compact
mathematical properties, and that makes it better suited to computer science. It is sometimes called
the contraction, and denoted as B | C rather than B - C. The two inner products can be expressed
in terms of each other, so this is not a severely divisive issue. They ‘algebraify’ the same geometric
concepts, in just slightly different ways.
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Figure 3: The definition of the inner product of blades XXX where referred?.

vector and scalar a-f=0 9)
scalarand vector a-b=aAb (10)
vectors  a- b isthe usual inner product in V'™ (11)
vectorandblade a-(bAB)=(a-b)AB—-bA(a-B) (12)
blades (AAB)-C=A-(B-C) (13)
distributivity 1. A-(B4+C)=A-B+A-C (14)
distributivity2 (A+B)-C=A-C+B-C (15)

It should be emphasized that the inner product is not associative. For instance,
a- (b-c) = 0 since the second argument is a scalar; but (a - b) - ¢ = «ac (with
«a = a-b) isavector. Neither is the inner product symmetrical, as the scalar/vector
rules show.

3.3 Perpendicularity and duality

Having the inner product expands our capabilities in geometric computations. It
enables manipulation of expressions involving ‘spanning’ to being about ‘perpen-
dicularity” and vice versa. Such “‘dual’ formulations turn out to be very convenient.
We briefly develop intuition and basic conversion expressions for these manipula-
tions.

e perpendicularity
We define the concept of perpendicularity through the inner product:

a perpendicularto A < a-A =0,

It is then easy to prove that, for general blades A, the construction A - B is
indeed perpendicular to A, as we suggested in the previous section. For any
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vector a satisfiesa-(A-B) = (aAA)-B. Butifaisin A it must be linearly
dependent on the spanning vectors, soaA A = 0. Thereforea-(A-B) =0
for any a in A. So any vector in A is perpendicular to A - B.

e orthogonal complement and dual
If we take the inner product of a blade relative to the volume element of the
space it resides in (i.e. relative to the pseudoscalar of the space), we get the
whole subspace perpendicular to it. This is how duality sits in geometric
algebra: it is simply taking an orthogonal complement. A good example
in a 3-dimensional Euclidean space is the dual of a 2-blade (or bivector).
Using an orthonormal basis {e;}3_; and the corresponding bivector basis,
we write: B = biey A es + baes A ey + bses A eo. We take the dual relative
to the space with volume element I3 = e A es A eg (i.e. the ‘right-handed
volume’ formed by using a right-handed basis). Any scalar multiple would
do, but it turns out that the best definition is to use the reverse of I3 to define
the dual (since that generalizes to higher dimensions; here Is = —I3). The
subspace of I3 dual to B is then:

B -ig = (b1e2 A es + boes A ep + bze; A 62) - (eg AL AN el)
= bieq + byey + bses. (16)

This is a vector, and we recognize it (in this Euclidean space) as the normal
vector to the planar subspace represented by B. So we have normal vectors
in geometric algebra as the duals of 2-blades, if we would want them (but
we will see in Section 7.3 why we prefer the direct representation of a pla-
nar subspace by a 2-blade rather than the indirect representation by normal
vectors).

If it is clear from context relative to which pseudoscalar I the dual is taken,
we will use the convenient shorthand B* for B - 1.

e duality relationships

Going over to a dual representation involves translating formulas given in
terms of spanning to formulas using perpendicularity. An example is the
specification of a plane in 3-space given its 2-blade B. On the one hand,
all vectors in the plane satisfy x A B = 0 (zero volume spanned with the
2-blade); but dually they satisfy x - B* = 0 (perpendicular to the normal
vector). This is an example of a more general duality relationship between
blades, which we state without proof. Let A, B and I be blades, with A
contained in I (this is essential). Then:

(A-B)-I=AA(B-I) ifACL (17)
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Remember also the universally valid eq.(13)
(AAB)-I=A-(B-1I). (18)

Together, these equations allow the change to a ‘dual perspective’ converting
spanning to orthogonality and vice versa, permitting more flexible interpre-
tation of equations.

Let us use these to verify the motivating example above in full detail. In a
3-dimensional space with pseudoscalar I3, the equation x AB = 0 (meaning
that x is in the 2-dimensional subspace determined by B) can be dualized to
0 = (x AB)-TI3 = x - (B -1I3). This characterizes the vectors in the B-
plane through its normal vector n = B - I3 = B*. It is the familiar ‘normal
equation’ of the plane, and identical to the common way to represent a plane
by its normal vector n.

In general, we will say that a blade B represents a subspace B of vectors x
if
xeEB < xAB=0 (19)

and that a blade B* dually represents the subspace B if
xeB < x-B*=0. (20)
Switching between the two standpoints is done by the duality relations above.

the cross product

Classical computations with vectors in 3-space often use the cross product,
which produces from two vectors a and b a new vector a X b perpendicular
to both (by the right-hand rule), proportional to the area they span. We can
make this in geometric algebra as the dual of the 2-blade spanned by the
vectors:

axb=(aAb)- Is. (21)

This shows a number of things explicitly which one always needs to remem-
ber about the cross product: there is a convention involved on handedness
(this is coded in the sign of Is); there are metric aspects since it is perpen-
dicular to a plane (this is coded in the usage of the inner product ‘- ’); and
the construction really only works in three dimensions, since only then is the
dual of a 2-blade a vector (this is coded in the 3-gradedness of I3). The vec-
tor relationship a A b does not depend on any of these embedding properties,
yet characterizes the (a, b)-plane just as well.
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You may verify that computing eq.(21) explicitly using eq.(1) and eq.(16)
indeed retrieves the usual expression:

aXb= (a2b3 — a3b2) e + (a3b1 — albg) ey + (a1bz - a2b1) €3 (22)

In geometric algebra, we have the possibility of replacing the cross product
by more elementary constructions. In Section 7.3 we discuss the advantages
of doing so.

4 Intersecting subspaces

So far, we can span subspaces and consider their containment and orthogonality.
Geometric algebra also contains operations to determine the union and intersection
of subspaces. These are the join and meet operations. Several notations exist for
these in literature, causing some confusion. For this paper, we will simply use the
set notations U and N to make the formulas more easily readable.?

4.1 Union of subspaces

The join of two subspaces is their smallest superspace, i.e. the smallest space
containing them both. Representing the spaces by blades A and B, the join is
denoted A U B. If the subspaces of A and B are disjoint, their join is obviously
proportional to A A B. But a problem is that if A and B are not disjoint (which is
precisely the case we are interested in), then A U B contains an unknown scaling
factor which is fundamentally unresolvable due to the reshapable nature of the
blades discussed in Section 2.3 (see Figure 4; this ambiguity was also observed
by [13][Stolfi]). Fortunately, it appears that in all geometrically relevant entities
which we compute this scalar ambiguity cancels.

The join is a more complicated product of subspaces than the outer product
and inner product; we can give no simple formula for the grade of the result (like
eq.(3)), and it cannot be characterized by a list of algebraic computation rules.
Although computation of the join may appear to require some optimization process,
finding the smallest superspace can actually be done in virtually constant time.

3We should also say that there are some issues currently being resolved to make meet and join
a properly embedded part of geometric algebra since they produces blades modulo a multiplicative
scaling factor rather than actual blades. Most literature now uses them only in projective geometry,
in which there is no problem.
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Figure 4: The ambiguity of scale for meet M and join J of two blades A and B.
Both figures are examples of acceptable solutions.

4.2 Intersection of subspaces

The meet of two subspaces A and B is their largest common subspace. If this is
the blade M, then A can be factorized as A = A’ AMand BasB = M A B/,
and their join is a multiple of A’ AM AB’ = A AB’ = A’ A B. This gives the
relationship between meet and join.

Given the join J = A U B of A and B, we can compute their meet by the
property that its dual (with respect to the join) is the outer product of their duals
(this is a not-so-obvious consequence of the required ‘containment in both’). In
formula, this is:

(ANB)-J=B-J)A(A-J) or (ANB)* =B*AA*

with the dual taken with respect to the join J. (The somewhat strange order is
a consequence of the factorization chosen above, and it corresponds to [13] for
vectors). This leads to a formula for the meet of A and B relative to the chosen
join (use eq.(18)) :

ANB= (B -J)-A. (23)

Let us do an example: the intersection of two planes represented by the 2-blades
A= %(el +e3) A (e +e3) and B = e; Aey. Note that we have normalized them
(this is not necessary, but convenient for a point we want to make later). These are
planes in general position in 3-dimensional space, so their join is proportional to
I3. It makes sense to take J = I3. This gives for the meet:

ANB = %(el/\e2)~(e3/\e2/\e1))~((e1—i—e2)/\(e2+e3))
tes- ((e1 +e2) Aes)
1 e +es

RARY

(the last step expresses the result in normalized form). Figure 5 shows the answer;
as in [13] the sign of A N B is the right-hand rule applied to the turn required to
make A coincide with B, in the correct orientation.

) (24)

= —%(61 +e) =
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Figure 5: An example of the meet

Classically, one computes the intersection of two planes in 3-space by first
converting them to normal vectors, and then taking the cross product. We can see
that this gives the same answer in this non-degenerate case in 3-space, using our
previous equations eq.(17), eq.(18), and noting that Iy = —I5:

(A T)x(B-T;) = ((A- 13) (B-T5)) T3

= (( A(A - 13)) I3
(B-Ty). ((A L) 1)
= (B-I)- (A/\(I;; I3))
B-T;)-A

So the classical result is a special case of eq.(23), but that formula is much more
general: it applies to the intersection of subspaces of any grade, within a space of
any dimension. With it, we begin to see some of the potential power of geometric
algebra.

When the meet is a scalar, the two subspaces intersect in the point at the origin.
This is in agreement with our geometrical interpretation in Section 2.7 of scalars
as the weighted point at the origin. Scalars are geometrical objects, too!

The norm of the meet gives an impression of the ‘strength’ of the intersection.
Between normalized subspaces in Euclidean space, the magnitude of the meet is
the sine of the angle between them. From numerical analysis, this is a well-known
measure for the ‘distance’ between subspaces in terms of their orthogonality: it is
1 if the spaces are orthogonal, and decays gracefully to O as the spaces get more
parallel, before changing sign. This numerical significance is very useful in appli-
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b

a

Figure 6: Ratios of vectors

cations.

5 Ratiosof subspaces

With subspaces as basic elements of computation, we would really like to com-
plete our algebra by the ability to solve equations in similarity problems such as
indicated in Figure 6:

Given two vectors a and b, and a third vector ¢, determine x so
that x isto c as b is to a, i.e. solve (in a symbolic notation which we

will soon make exact):
x b
—=— 25
e a (25)
Such equations require a division of subspaces (here vectors), and so, really, an
invertible product of subspaces. This geometric product is at the core of geometric

algebra, and it is a rather amazing construction, at first sight.

5.1 The geometric product

For vectors, the geometric product is defined in terms of the inner and outer product
as:

ab=a-b+aAb (26)

So the geometric product of two vectors is an element of mixed grade: it has a
scalar (0-blade) part a - b and a 2-blade part a A b. It is therefore not a blade;
rather, it is an operator on blades (as we will soon show). Changing the order of a
and b gives:

ba=b-a+bAa=a-b—aAb

The geometric product of two vectors is therefore neither fully symmetric (or
rather: commutative), nor fully anti-symmetric.
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x - a fixed

-

~__x A a fixed

Figure 7: Invertibility of the geometric products.

A simple drawing may convince you that the geometric product is indeed in-
vertible, whereas the inner and outer product separately are not. In Figure 7, we
have a given vector a. We denote the set of vectors x with the same value of the
inner product x - a — this is a plane perpendicular to a. The set of all vectors with
the same value of the outer product x A a is also denoted - this is the line of all
points which span the same directed area with a. Neither of these sets is a sin-
gleton (in spaces of more than 1 dimension), so the inner and outer products are
not fully invertible. The geometric product provides both the plane and the line,
and therefore permits determining their unique intersection x, as illustrated in the
figure. Therefore it is invertible.

Note that the geometric product is sensitive to the relative directions of the
vectors: for parallel vectors a and b, the outer product contribution is zero, and
ab is a scalar and commutative in its factors; for perpendicular vectors, ab is a
2-blade, and anti-commutative. In general, if the angle between a and b is ¢ in
their common plane with unit 2-blade I, we can write (in a Euclidean space):

ab = |a| |b| (cos ¢ + I sin ¢) (27)

We will see below that IT = —1, so this is very reminiscent of complex numbers.
More about that later, we mention it here to make the construction of the different
grade elements in eq.(26) somewhat less outrageous than it may appear at first.
Eq.(26) defines the geometric product only for vectors. For arbitrary elements
of our algebra it is defined using linearity and associativity, and making it coincide
with the usual scalar product in the vector space, as the notation already suggests.
That gives the following axioms (where « and 3 are scalars, x is a vector, A is a
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general element of the algebra):

scalars af and ax have their usual meaning in V'™ (28)

scalars commute aA=A«a (29)
vectors xA=x-A+xNA (30)
associativity ~ A(BC) = (AB)C (31)
distributivity 1. ~ A(B+C)=AB+ AC (32)
distributivity 2 (A4+ B)C=AC+ BC (33)

(One can avoid the reference to the inner and outer product through replacing
eqg.(30) by ‘the square of a vector x must be equal to the scalar Q(x,x)’, with
@ the bilinear form of the vector space. Then one can re-introduce inner and outer
product through the commutative properties of the geometric product:

a-b=3(ab+ba) and aAb=J(ab—ba). (34)

This is mathematically cleaner, but too indirect for our purpose here.)

It may not be obvious that these equations give enough information to compute
the geometric product of arbitrary elements. Rather than show this abstractly, let us
show by example how the rules can be used to develop the geometric algebra of 3-
dimensional Euclidean space. We introduce, for convenience only, an orthonormal
basis {e;}3_,. Since this implies that e; - e; = d;;, we get the commutation rules:

) —eje; ifi#j
i€ = { 1 ifi = (35)

In fact, the former is equal to e; A e;, whereas the latter equals e; - e;. Considering
the unit 2-blade e; A es, we find for its square:

(eine)” = (ejAej)(e;Aej) = (eie;)(e;e;)

= €;e;e,€;, = —¢€;e,€;¢€; = -1 (36)

So a unit 2-blade squares to —1 (we just computed for e; A ey for convenience,
but there is nothing exceptional about that particular unit 2-blade, since the basis
was arbitrary). Continued application of eq.(35) gives the full multiplication for
all basis elements in the Clifford algebra of 3-dimensional space. The resulting
multiplication table is given in Figure 8. Arbitrary elements are expressible as a
linear combination of these basis elements, so this table determines the full algebra.



Geometric Algebra: a Computational Framework (DRAFT) 21

‘ s H‘ 1 ‘ €1 ‘ €2 ‘ €3 ‘ €12 ‘ €31 ‘ €23 ‘ €123 ‘
1 1 e €9 €3 €12 €31 €23 | €123
el e 1 €2 | —€31 | € —e3 | €123 | €3
€ e | —ep 1 €3 | —e1 | el e3 €31
€3 €3 €31 —€23 1 €123 € —€2 €12
e || €12 | € | e eps | —1 €3 | —e31 | —€3
€31 €31 €3 €123 —€1 | —€a3 -1 €12 —€3
€23 €3 | €123 | —e3 €2 €31 | —ep | —1 | —e
€123 €123 €23 €31 €12 —€3 —€2 —€ —1

Figure 8: The multiplication table of the geometric algebra of 3-dimensional Eu-
clidean space, on an orthonormal basis. Shorthand: e12 = e; A eo, etcetera.

5.2 Invertibility of the geometric product

The geometric product is invertible, so ‘dividing by a vector’ has a unique meaning.
We will usually do this through ‘multiplication by the inverse of the vector’. Since
multiplication is not necessarily commutative, we have to be a bit careful: there is
a ‘left division’ and a ‘right division’.
As you may verify, the unique inverse of a vector a is:
ol @ _ 3
a-a |al?

since that is the unique element that satisfies: a='a = 1 = aa~!. Similarly, a
blade A (of which the norm should not be zero) has the inverse

A A
Al = =
A-A |AP

(the reverse is due to the definition of the norm in eq.(6)).

5.3 Projection of subspaces

The availability of an inverse gives us an interesting of way of decomposing a
vector x relative to a given blade A using the geometric product:

x=xA)A l=x-A)A 1+ (xAA)A! (37)

The first term is a blade fully inside A.: it is the projection of x onto A. The second
term is a vector perpendicular to A, sometimes called the rejection of x by A. The
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(@)

Figure 9: (a) Projection and rejection of x relative to a. (b) Reflection of x in a.

projection of a blade X onto a blade A is given by the extension of the above, as:
projection of X onto A: X — (X-A)A™!

Again geometric algebra has allowed a straightforward extension to arbitrary di-
mensions of subspaces, without additional computational complexity.

5.4 Reflection of subspaces

The reflection of a vector x relative to a fixed vector a can be constructed from
the decomposition of eq.(37) (used for a vector a), by changing the sign of the
rejection (see Figure 9b). This can be rewritten in terms of the geometric product:

1 1

(x-a)a'—(xAa)a '=(a-x+aAx)a '=axa L

So the reflection of x in a is the expression axa !, see Figure 9b; the reflection
in a plane perpendicular to a is then —axa™!,
We can extend this formula to the reflection of a blade X relative to the vector

a, this is simply:
reflection in vectora: X ~— aXa™l.
and even to the reflection of a blade X in a k-blade A, which turns out to be:
general reflection: X — — (-1)* AX AL
Note that these formulas permit you to do reflections of subspaces without first
decomposing them in constituent vectors. It gives the possibility of reflection a

polyhedral object by directly using a facet representation, rather than acting on
individual vertices.
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5.5 Angles as geometrical objects

We have found in eq.(36) that any unit 2-blade I in a Euclidean space satisfies
I? = —1, so this is also true for the unit 2-blade occurring in eq.(27). Therefore,
using the usual definition of the exponential as a converging series of terms, we are
actually permitted to write the geometric product in an exponential form:

ab = |a| |b| (cos ¢ + I sin ¢) = |a| [b| !? (38)

with I the unit 2-blade containing a and b, oriented from a to b. This exponential
form will be very convenient when we do rotations. Note that all elements occur-
ring in this equation have a straightforward geometrical interpretation, we are not
doing complex numbers here! (Really, we aren’t: I is not a complex scalar, since
then it would have to commute with all elements of the algebra by eq.(29), but it
instead satisfies a I = —Ia for vectors a in the I-plane.)

The combination I¢ is a full indication of the angle between the two vectors: it
denotes not only the magnitude, but also the plane in which the angle is measured,
and even the orientation of the angle. If you ask for the scalar magnitude of the
geometrical quantity I¢ in the plane —I (the plane ‘from b to a’ rather than “from
a to b’), it is —¢; so the scalar value of the angle automatically gets the right
sign. The fact that the angle as expressed by I¢ is now a geometrical quantity
independent of the convention used in its definition removes a major headache
from many geometrical computations involving angles. We call this true geometric
guantity the bivector angle (it is just a 2-blade, of course, not a new kind of element
— but we use it as an angle, hence the name).

5.6 Rotations in the plane

Using the inverse of a vector, we can now solve the motivating problem of eq.(25),
to find a vector x that is to ¢ as b is to a. Denoting the 2-blade of the (a A b)-plane
by I, we obtain:

xcl=ba!

so that

x=(ba l)c= %e‘l‘z’c (39)
Here I¢ is the angle in the I plane from a to b, as in eq.(38), so —I¢ is the angle
from b to a. If we happen to have |a| = |b|, we get x = e~!®c; apparently we
should interpret ‘pre-multiplying by e~1¢” as a rotation operator in the I-plane.
The full expression of eq.(39) denotes a rotation/dilation in the I-plane.

b
|a
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o/1 O I-plane

Figure 10: Coordinate-free specification of rotation.

Let us write this out, to get familiar with the geometric algebra way of looking
at rotations:

e c=ccos¢—Icsing = ccos ¢ + clsin

What is cI? Introduce orthonormal coordinates {e;, ez} in the I-plane, with e;
along ¢, sothatc = ce;. ThenI = e; A es = €1 e9. Therefore cI = cej e1e2 =
cey: it is c turned over a right angle, following the orientation of the 2-blade I
(here anti-clockwise). So ccos ¢ + cIsin ¢ is ‘a bit of ¢ plus a bit of its anti-
clockwise perpendicular’ — and those amounts are precisely right to make it equal
to the rotation by ¢, see Figure 10.

If you use a classical rotation matrix in 2 dimensions, it does precisely this con-
struction, but in a coordinate system that is adapted to an arbitrary basis {e1, ez},
rather than to c. That is why you then need 4 coefficients, to describe how each
of those 2 basis vectors turns. Geometric algebra is coordinate-free in this sense:
orthogonal directions can be made from the vectors for which you need them in
a coordinate-free manner. Then a specification of the rotation requires only 2
trigonometric functions, just for the scaling of those 2 components.

5.7 Rotations in 3 dimensions

Two subsequent reflections in lines which make an angle of ¢/2 in a plane with
unit 2-blade T constitute a rotation over ¢ in the I-plane. In 2-dimensional space,
this is obvious, but it also works in 3-dimensional space, see Figure 11 (and even in
m-dimensional space). It gives us the way to express general rotations in geometric
algebra.

Two successive reflections of a vector x in vectors u and v give

_ vV u u v _
1_ _ 1e/2 4 J10/2

-1
viuxu ) v i = — — X —
vl fal = [af |v|
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e 192xe1/2 = vl (u~'xu)v

u “Xu

Figure 11: A rotation as 2 reflections in vectors u and v, making an angle of I/2.

where we used the exponential notation for the geometric product of two unit vec-
tors (I is the unit 2-blade from u to v). The expression for the rotation is therefore
directly given by the bivector angle, i.e. by angle and rotation plane. An operator
e 1¢/2 used in this way, is called a rotor. Writing out this expression in terms of
the perpendicular component x; (rejection) and the parallel component x|, (pro-
jection) of x relative to the I plane gives

rotation over Ig: x — e 1/2xe!?/? =x, +e x| (40)

(this is a good exercise, it requires Ix, = x; Iand Ix) = —x I; why do these
hold?). So the perpendicular component to the rotation plane is unchanged (as it
should!), and the parallel component becomes pre-multiplied by e~1¢. We have
seen in eq.(39) that this is a rotation in the I-plane. (In fact, we could have defined
the higher dimensional rotation by the right hand side of eq.(40) and then derived
the left hand side.)
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5.8 Combining rotations

Two successive rotations Ry and Ry are equivalent to a single new rotation R of
which the rotor R is the geometric product of the rotors R and R», since

RyRixRT'R;'=(RyR)x(RyR))™! = RxR™L.

This applies in 3-dimensional space as well as in 2-dimensional space. Therefore
the combination of rotations is a simple consequence of the definition of the geo-
metric product on rotors, i.e. elements of the form e 1%/2 = cos ¢/2 — Isin ¢/2,
with I? = —1. (We could allow a scalar factor in the rotor, since the inverse divides
it out; yet it is common to restrict rotor to be normalized to unity — then one can
replace R~ by R, defining the rotation by R x R. Reversion is a simpler (cheaper)
operation than inversion, though the normalization may add some additional com-
putational cost.)

Let’s see how it works in 3-space. In 3 dimensions, we are used to specifying
rotations by a rotation axis a rather than by a rotation plane I. The relationship
between axis and plane is given by duality: a = I- I3 = —II5 (check that this
indeed gives the correct orientation). Given the axis a, we therefore find the plane
as the 2-blade I = —aIg1 = al3 = Isa. A rotation over an angle ¢ around an
axis with unit vector a is therefore represented by the rotor e ~1s2¢/2,

To compose, say, a rotation Ry around the ey axis of =/2 with a subsequent
rotation Ry over the eq axis over /2, we write out their rotors:

Ry = e B3e1m/4 = 1-em and Ry = e 1se27/4 = 1=es
V2

The total rotor is their product, and we rewrite it back to the exponential form to
find the axis:

R=RyRi = 5(1—e3)(l—es)=35(1—exs—es —en)

1
2
e +ey+es _
%— %\/§I37 = e Isaﬂ—/3

V3

Therefore the total rotation is over the axis a = (e + e + e3)/+/3, over the angle
27/3. But of course you do not need to decompose the resulting rotor into those
geometrical constituents: you can apply it immediately to a vector x as Rx R~!,
or even to an arbitrary blade through the formula:

general rotation: X +— RXR!
This enables you to rotate a plane in one operation, for instance:
R(e1 A eg)R_l = %(1 — €93 — €31 — 612) el9 (1 + €23 +e31 + 612) = €93

No need to decompose the plane into its spanning vectors first!
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5.9 Quaternions: based on bivectors

You may have recognized the example above as strongly similar to quaternion
computations. Quaternions are indeed part of geometric algebra, in the following
straightforward manner.

Choose an orthonormal basis {e;}?_,. Construct out of that a bivector basis
with elements e;» = e; Aea(= €71 e2) and cyclic. Note that these elements satisfy:
el, = e2; = e%, = —1, and e e23 = ey3 (and cyclic) and also e;2 es3 €37 = 1.
In fact, setting i = €93, j = —e3; and k = ejo, wefindi? = 2 =k?=ijk=—1
and j ¢ = k and cyclic. Algebraically these objects are the quaternions obeying the
guaternion product, commonly interpreted as some kind of ‘4-D complex number
system’. There is nothing ‘complex’ about quaternions; but they are not really vec-
tors either (as some still think) — they are just real 2-blades in 3-space, denoting
elementary rotation planes, and multiplying through the geometric product. Visu-
alizing quaternions is therefore straightforward: each is just a rotation plane with
a rotation angle, and the *bivector angle’ concept represents that well (the corre-
sponding quaternion is simply its exponential, elevating the bivector angle to a
rotation operator).

5.10 Constructing rotors

For a 2-dimensional rotation, if you know for certain that a vector e has been
rotated to become a vector f (which therefore necessarily has the same norm) by a
rotation in the e A f-plane, it is easy to find a rotor that does that:

R=1+fe

(if you want the unit rotor, you need to normalize this). For a 3-dimensional ro-
tation, if you know an orthonormal frame {e;}3_; which has rotated to the frame
{£;}3_,, then a rotor doing that is:

R=1+fje; + ey + f3e3

(which needs to be normalized if you want a unit rotor). This formula can be
generalized simply to non-orthonormal frames, see [11]. Warning: the formulas
do not work for rotations over 7 (there is then no unique rotation plane!) — but are
very useful elsewhere.

6 Differentiation

Geometric algebra also has a much extended operation of differentiation, which
contains the classical vector calculus, and much more. It is possible to differentiate
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with respect to a scalar or a vector, as before, but now also with respect to k-
blades. This enables efficient encoding of differential geometry, in a coordinate-
free manner, and gives an alternative look at differential shape descriptors like the
‘second fundamental form’ (it becomes an immediate indication of how the tangent
plane changes when we slide along the surface).

Somebody should rewrite classical differential geometry texts into geometric
algebra; but this has not been done yet and it would lead too far to do so in this
introductory paper. Let us just briefly show the scalar differentiation of a rotor, to
demonstrate how the commutation rules of geometric algebra naturally group to a
well-known classical result, which is then automatically extended beyond vectors.

So, suppose we have a rotor R = e~1%/2 and use it to produce a rotated version
X = RXoﬁ of some constant blade X,. Scalar differentiation with respect to
time gives (using chain rule and commutation rules):

4X (X
— L4 (1) (e 2 Xoe?/2) + L(e 102X 1012) & (1)
= (X 4(19) - £(19)X)
= X x 4(19)

using the commutator product x defined in geometric algebra as the shorthand
Ax B = %(AB — BA); this product often crops up in computations with Lie
groups such as the rotations. This simple expression which results assumes a more
familiar form when X is a vector x in 3-space, the rotation plane is fixed so that
%I = 0, and we introduce a scalar angular velocity w = %d). It is then common
practice to introduce the vector dual to the plane as the angular velocity vector w,
S0 w = wI - T3 = wI/T3. We then obtain:

dy—x-2(I¢) =x- (W) = (x A\w) I3 = w X x

where X is the vector cross product. As before when we treated the meet and other
operations, we find that an equally simple geometric algebra expression is much
more general; here it describes the differential rotation of k-dimensional subspaces
in n-dimensional space, rather than merely of vectors in 3-D.

Similar generalizations result for differentiation relative to blades; the inter-
ested reader is referred to the tutorial of [2], which introduces these differentiations
using examples from physics.

7 Linear algebra

In the classical ways of using vector spaces, linear algebra is an important tool.
In geometric algebra, this remains true: linear transformations are of interest in
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their own right, or as first order approximations to more complicated mappings.
Indeed, linear algebra is an integral part of geometric algebra, and acquires much
extended coordinate-free methods through this inclusion. We show some of the
basic principles; much more may be found in [2] or [10].

7.1 Outermorphisms: spanning is linear

When vectors are transformed by a linear transformation on the vector space, the
blades they span can be viewed to transform as well, simply by the rule: ‘the
transform of a span of vectors is the span of the transformed vectors’. This means
that a linear transformation f : V™ — V'™ on a vector space has a natural extension
to the whole geometric algebra of that vector space, as an outermorphism, i.e. a
mapping that preserves the outer product structure:

flay Aag A+ ANag) =f(ay) Af(ag) A+ Af(ag).

Note that this is grade-preserving: a k-blade transforms to a k-blade. To this we
have to add what the extension does to scalars, which is simply: f(a) = a.

This outermorphism definition has immediate consequences. Apply it to a
pseudoscalar I,,, which is an m-blade: it must produce another m-blade. But
the linear space of m-blades in m-dimensional vector space is 1-dimensional, so
this must again be a multiple of I,,. That multiple is precisely the determinant of f
in m-dimensional space:

det(f) = f(I,,)L,;.

The determinant is thus simply the change of hypervolume under f. This is nothing
new, but it is satisfying that all the usual properties of the determinant, including its
expression in terms of coordinates, follow immediately from this straightforward,
coordinate-free definition.

7.2 Linear transformation of the inner product

The transformation rule for the inner product now follows automatically from the
definition through eq.(7), and is found to be rather more involved:

f(4-B) =F~1(4) -(B),
where f is the adjoint of f, defined by
f(A)* B = Axf(B) forall Aand B.

(In terms of matrices on an orthonormal basis, f is the mapping represented by the
transpose of the matrix representing f.)



30 Leo Dorst and Stephen Mann

7.3 No normal vectors or cross products!

Since the inner product transformation under a linear mapping is so involved, one
should steer clear of any constructions that involve the inner product, especially in
the characterization of basic properties of one’s objects. Therefore the practice of
characterizing a plane by its normal vector — which contains the inner product in
its duality, see Section 3.3 — should be avoided. Under linear transformations, the
normal vector of a transformed plane is not the transform of the normal vector of
the plane! (this is a well known fact, but always a shock to novices). The normal
vector is in fact a cross product of vectors, which (as you may verify from eq.(21)
and the above) transforms as:

flaxb) =f '(a) xf ~!(b)/det(f)

and that is usually not equal to f(a) X f(b). It is therefore much better to char-
acterize the plane by a 2-blade, now that we can. The 2-blade of the transformed
plane is the transform of the 2-blade of the plane, since linear transformations are
outermorphisms preserving the 2-blade construction. Especially when the planes
are tangent planes constructed by differentiation, 2-blades are appropriate: under
any transformation f, the construction of the tangent plane is only dependent on
the first order linear approximation mapping f of f. Therefore a tangent plane rep-
resented as a 2-blade transforms simply under any transformation (and the same
applies of course to tangent k-blades in higher dimensions). Using blades for those
tangent spaces should enormously simplify the treatment of object through differ-
ential geometry, especially in the context of affine transformations — but this has
not yet been done.

8 All you need is blades: models of geometries

So far we have been treating only homogeneous subspaces of the vector spaces,
i.e. subspaces containing the origin. We have spanned them, projected them, and
rotated them, but we have not moved them out of the origin to make more interest-
ing geometrical structures such as lines floating in space.

There is a very nice way of making such basic primitives in geometric alge-
bra. At first it looks like a straightforward embedding of the classical ideas behind
‘homogeneous coordinates’, but it rapidly becomes much more powerful than that.
It creates an algebra of points (rather than vectors). We present three models of
Euclidean space, all useful to computer graphics, and show how the geometric al-
gebra of those models implements totally different semantics using the same basic
products (but in different spaces). This goes much beyond resolving the issues
raised in the classical papers by Goldman [6, 7].
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8.1 The vector space model

The most straightforward model of Euclidean space represents its points by the
translation vectors required to get there. We call those position vectors. This rep-
resentation strongly depends on the location of the origin. It is well known [6] that
this easily leads to bad representations and software which depend heavily on the
chosen origin. It is inappropriate to take the position vectors a and b as ‘being’
the points A and B, and then form new points by addition of their vectors. The
construction a + b cannot represent a geometrical point, for its value changes as
the origin changes, and no geometrically relevant objects should depend on that.

Still, the vector space model of a Euclidean space is appropriate for translation
vectors (the null translation is special: it is the identity operation) and for tangent
planes to a manifold (again, the origin is special since it is where the tangent space
is attached to the manifold). For those, a+ b has a clear meaning: it is the resultant
translation or resultant velocity, of a point. Beyond these applications, one has to
be careful with the vector space model.

The products between vectors are just as much part of the model as the em-
bedding of the points themselves (this is a point which Goldman [6, 7] neglects
somewhat in his discussion of representations). In the vector space model, they
simply have the meaning we have used throughout this paper: the outer product
constructs the higher-dimensional proper subspaces; the inner product constructs
the orthogonal complement of subspaces; and the geometric product gives us the
rotation/dilation operator between subspaces. Elementary combinations of these
give us projection and reflection. Note that all these operations are origin-centered
in this model: rotations are around an axis through the origin, reflections are in
planes through the origin, etcetera. It is simple to shift them out of the origin of
course, but algebraically, that is a “hack’ — it would be much more tidy if we could
find a representation in which those operations are all elementary relationships be-
tween blades (and we will). Even an basic concept like the Euclidean distance
between two points P and @ is a fairly involved expression — we have to form
v/ (p —q) - (p — q) to obtain this geometric invariant. It would be much nicer if
this elementary concept were one of the elementary products.

The vector space model, then, contains a lot of the basic elements to do Eu-
clidean geometry, especially when we consider its full geometric algebra of higher
dimensional subspaces. But we can do better, tidying up the algebra by embedding
Euclidean geometry of E™ in a space of more than m dimensions and using the
geometric algebra of that space to describe the Euclidean objects and operators of
interest.
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8.2 The homogeneous model

We can get rid of the special nature of the origin, by (paradoxically!) introducing a
vector representing it. To represent an m-dimensional Euclidean space E™ in this
way, we must introduce an extra dimension and obtain an (m + 1)-dimensional
representation space. This is the familiar homogeneous model or affine model of
the vector space.

8.2.1 Points as vectors

Let the unit vector for the extra dimension be denoted by ey. This vector must be
perpendicular to all regular vectors in the Euclidean space E™, so ey -x = 0 for all
x € E™. We let e denote ‘the point at the origin’. A point at any other location p
is made by translation of the point at the origin over p. This is done by adding p
to eg. This construction therefore gives the representation of the point at location
p as the vector p in (m + 1)-dimensional space:

p=¢e +p

This is no more than the usual homogeneous coordinates; we have extended the
m-dimensional vector by an eg-coordinate to make an (m-+1)-dimensional vector
capable of representing a point in m-dimensional space.

We will denote vectors in the m-dimensional Euclidean space in bold, and vec-
tors in the (m + 1)-dimensional model in italic. You can visualize this construction
as in Figure 12a (necessarily drawn for m = 2).

8.2.2 Off-set flats as blades

Now let us look at how we can interpret the higher grade elements of the geometric
algebra of this (m+1)-dimensional space. A vector in (m + 1)-space is apparently
the representation of a point in £™, i.e. a 0-dimensional affine subspace element.
What does a 2-blade p A g formed by two vectors p and ¢ represent, in other words,
what is the semantics of the outer product in this homogeneous model? We com-
pute

pAg=(eo+PpP)A(eo+q) =eA(q—P)+PAQ

We recognize the vector q — p, and the area spanned by p and q. Both are elements
which we need to describe an element of the directed line through the points p and
g. The former is the direction vector of the directed line, the latter is an area which
we will call the moment of the line through p and ¢. It denotes the distance to the
origin, for we can rewrite it to a rectangle spanned by the direction (q — p) and
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Figure 12: Representing offset subspaces of E™ in m + 1-dimensional space.

any vector on the line, such as p or %(p + q) or the perpendicular support vector
d:

pAa=pA(@-p)=3(pP+a)A(ga—p)=dA(q—p) (41)

where d is definedby d A (q — p) = pAqandd- (q — p) = 0. (These equations
can be solved using the geometric product to give: d = (p A q)(q — p) ~}, a nice
example of the use of division by vectors.)

So the outer product p A ¢ can be used to represent a directed line element of
the line pg. However, note that p A ¢ is not a line segment: neither p nor ¢ can be
retrieved from p A ¢q. The 2-blade is just a line element of specified direction and
length, somewhere along the line through p and ¢ (in that order).

As a blade, we can use p A ¢ to give an equation for the whole line: a point z
is on the line through p and ¢ if and only if z A (p A q) = 0. Let’s verify that:

rApANg=e A(PAqQ—XxA(q—p))+xXAPAQ (42)

This is zero if and only if two conditions hold: (1) x A(q — p) = pAq =
p A (q — p), so that x = p + A\(q — p) which is indeed the usual line equation;
and (2) x A p A q = 0 — but this holds when we have satisfied the first condition.

Geometrically, a point x lies on the line through p and ¢ if the vector x in the
homogeneous model lies in the plane spanned by p and ¢: eq.(42) is the state-
ment that they span no volume. This is depicted in Figure 12b or c. You see
that the geometry of homogeneous subspaces of 3-space is a faithful representa-
tion of the geometry of offset subspaces in 2-space. In the classical homogeneous
model, one can only use this fact for the representation of points, since with vec-
tors one can only span 1-dimensional subspaces representing O-dimensional offset
subspace. With geometric algebra, we can suddenly use this idea to describe any
affine (i.e. offset) subspace. We simply continue this construction: an element of
the oriented plane through the points p, ¢ and r is represented by p A ¢ A r, and so
on for higher dimensional ‘offset’ subspaces — if the space has enough dimensions
to accommodate them.
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8.2.3 Equivalence of alternative characterizations

A special and rather satisfying property of this construction is its insensitivity to
the kind of objects we use to construct the subspace. Of course the element of the
line through p and ¢ is determined by two points, or by a point and a direction. We
would normally think of those as different constructions. However, in geometric
algebra

pAq=pA(q—Dp) (43)

(verify this!). So the two are exactly equal, they produce the same element by the
same operation of ‘taking the outer product’. Moreover, the intrinsic ‘sliding’ sym-
metry of the support vector (any of p+ A(q — p) can be used) is also automatically
absorbed in the representation p A q due to the “sliding” symmetry of the outer prod-
uct term p A q in it. For instance, we may rewrite itas pAq = 3(p+q) A (q—p),
showing that the midpoint %(p + q) is on the carrier line. We have in p A ¢ just the
right mixture of specificity and freedom to denote the desired geometric entity.

You may verify that in general, a k-dimensional subspace element B deter-
mined by the points at locations pg,--- px is represented in the homogeneous
model by the (k + 1)-blade

B=poA---Apy

and that this is equivalent, by the rules of computation for the outer product, to
specifying it by a point and k directions

B =poA(pP1—Po)A---A(Pr — Po)

or any intermediate form specifying some positions and some directions. It is satis-
fying not to have to make different data-structures for those many ways of specify-
ing this single geometrical object; the ‘constructor” A takes care of it automatically.
Testing of equivalence of various objects is therefore much simplified. The paper
[12] goes on to use this to develop a complete ‘simplicial calculus’ for simplices
specified in this manner, deriving advanced results in a highly compact algebraic
and computational manner.

8.2.4 Intersection and incidence

The meet and join operations can be applied immediately to blades in the homo-
geneous model, and return blades representing the intersection and union of the
corresponding Euclidean entities. Of course meet and join should be implemented
as basic operations, but it pays to look in a little more detail how the various ele-
ments of the Euclidean results are packaged in a single homogeneous result, to get
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a feeling for the power of the representation. To do so we consider separate cases
— but we emphasize that the meet and join themselves do not show such a breakup
in cases explicitly: they are handled completely internally and automatically.

o line and hyperplane
When intersecting a line with a hyperplane in general position (two lines
in 2-space, a line and a plane in 3-space), the meet produces the unique
intersection point, weighted by an ‘intersection strength’ denoting how per-
pendicular the intersection is, and hence how significant numerically.

Let the line be p A u, and the hyperplane ¢ A 'V, both in general position in
m-dimensional space with pseudoscalar I. Then their join is I,,,, and we get
for their meet after some rewriting:

pAu)N(gAV) = eu*-V+(pAu)-V—-u*-(VAQ)
(duality relative to I,,,), and this therefore represents the point at location

(PAW)" - V—u-(VAq)
u*-V

So we obtain a clear geometrical entity as a result of such a meet, as long
as u* - 'V # 0; which is the demand u A 'V # 0 equivalent to the linear
independence demand usually expressed as a determinant in the classical
treatment. Note how the point is fully expressible in closed form, using only
basic geometric operations.

e parallel lines
Geometric algebra still gives consistent results when we compute the meet
between subspaces that do not geometrically intersect in the classical sense.

For instance, between two parallel lines p A u and ¢ A u, in a plane with
2-blade T determining their join and the corresponding duality, we get (after
some rewriting):

(pAu)N(gAu)=((p—aq) Au)'y,

exhibiting the common directional part u, weighted by a scalar magnitude
proportional to the distance of the lines. This is still clearly interpretable, and
more importantly, one can continue to compute with it since it is a regular
element of the algebra. Its only unusual aspect is in its interpretation, not in
its computational properties.
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e skew lines
Similarly, by a direct computation (see [4]), you may establish that two skew
lines p A u and ¢ A v in 3-dimensional space (which therefore have a join of
eg A I3 in the homogeneous model), have a meet of

(pAw)N(gAV)=((p—a) AuAv)”

(with duality relative to Is). This is a scalar, proportional to the perpendic-
ular signed distance between the two lines (weighted by the meet of their
directions uNv = (u A v)/Iy in their common plane I).

These examples suggest that the meet is not just an intersection operation: it is a
general incidence operation, which computes the highest order geometric object in
common between its arguments. That may be an actual offset subspace (as in the
first example), or the scalar distance, possibly as a factor for common directional
elements. All are legitimate outcomes in the full framework of geometric algebra,
and we have to learn how to write algorithms using this new and stronger notion of
incidence in its computation — it would prevent the splits into the different kinds of
incidence which are required in the classical approach, and which are the potential
source of so many errors.

8.3 The conformal model

A recently developed model of Euclidean space E™ is the conformal model V7 +1:1,
This is a true algebra of points, or rather, an algebra of spheres (with points be-
ing spheres of zero radius). Again, points at locations p and q are represented
by vectors p and ¢ in the model, but now in a manner such that the inner product
represents their Euclidean distance:

p-g=—-3(p—q)’ (44)

In particular, p - p = 0, so that points are represented by vectors which have —
in their representative space — a zero norm! To do this and still have a complete
geometric algebra requires two extra dimensions, so an m-dimensional Euclidean
space is now represented using the geometric algebra of an (m + 2)-dimensional
space. Moreover, one of these extra dimensions is represented by a basis vector
which squares to —1 (such spaces are known as Minkowski spaces).

A useful basis for this space is: an orthonormal basis for the Euclidean space
embedded in it, and the vectors eq and e, to represent the point at the origin, and
the point at infinity, respectively. The two satisfy: eg-ex = 1, they are null vectors:
eg-eo = 0and ey - 6o = 0, and they are orthogonal to the Euclidean subspace,
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so that eg - x = 0 and e, - x = 0 for any x € E™. The representation of a point p
of Euclidean space in this conformal model is the vector:

p=e+Pp— 3P’
(or a scalar multiple). You may verify that p? = 0, and that
p-q=(e0+pP—3P’ex) (e0+q—3q°ex) = —3q°+p-q—1p° = —1(q—p)’

as desired.
Any point x on the hyperplane perpendicularly bisecting the line segment pq
satisfies (x — p)? = (x — q)?, and therefore:

z-(¢—p)=0.

It follows that ¢ — p = (q — p) — 3(q® — p?)es dually represents the midplane of
p and g, see eq.(20). In general, a hyperplane with orthogonal support vector d is
(dually) represented by the vector

d=d™' - e

or any multiple of it, such as n — de,, with n its normal vector and ¢ the support
along n of the hyperplane. You may verify that the equation = - d = 0 is indeed
equivalent to the normal hyperplane equation x - n = 4.

8.3.1 Spheres are blades

The direct expression of the Euclidean distance by the inner product in eq.(44)
implies that the equation

__1.2
T-Cc=—5p

is the equation of a sphere with radius p and center ¢. We rewrite this to
x on sphere with radius p and center ¢ <= - (c+ p’e) = 0,

so this shows that the vector ¢ + 5p* dually represents a sphere. Where the ho-
mogeneous model can be used to code a hyperplane by a homogeneous normal
vector, the conformal model (dually) represents a complete sphere by a single rep-
resentative vector! In the conformal model, (dual) spheres are basic elements of
computation. We get an algebra of spheres; a point is just a (dual) sphere of radius
zero.

The direct (rather than dual) representation of a sphere is through the wedge
product: spheres are blades in the conformal model. This is obvious since the
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dual of the vector ¢ + £p2es is an (m — 1)-blade in the (m + 2)-dimensional
representation space. So, we have:

x on sphere through p, ¢, 7, s <= zA(pAgATAs)=0.

Moreover, the two representations are exactly dual in the conformal representa-
tion, so we can compute the center and radius of a sphere given by four points
immediately through using:

p/\q/\r/\s:(c+%p26w)*

It is very satisfying that these two totally different specifications of a sphere should
be literally duals of each other, i.e. perpendicular to each other in the representative
space of the conformal model. It is also a very pleasant surprise that the very
complicated symmetries of four points determining the same sphere are simply
reduced to the anti-symmetry of the outer product (as were the symmetries of the
support vectors of hyperplanes in the homogeneous model). Spheres are not really
new objects requiring totally new products — as long as you treat them in their own
algebra, they behave just like subspaces.

We note that p A ¢ is a 1-dimensional sphere, i.e. the computational represen-
tation of a point pair. In contrast to the homogeneous model, p A g now really has
the semantics of a localized line segment rather than merely a line element.

8.3.2 Intersection of spheres

In the homogeneous model we saw that a factorization like eq.(43) gave literal
equivalence of the same geometric object specified in different ways. Such simpli-
fications also occur in the conformal model. Indeed, the dual equivalence of the
sphere specifications just treated can be used in this way. Another example is the
intersection of two spheres, which should produce a circle in a well-defined plane.
Let us take a simple example, equal sized spheres of radius p at opposite sides +c
of the origin. The dual of their intersection is computed as the outer product of
their duals, which can then be rewritten in more convenient form:

(e0 —c— 2(c®—p)ex) A (0 + € — 2(c®—p?)ess) = 2¢ A (e0 + 3(c* —p*)eco)

The right hand side is immediately recognizable as the dual of the intersection of
a hyperplane with normal c through the origin (its dual representation is c) with a
sphere at the origin of radius ¢? — p2. So these two alternative representations of the
intersection circle are just two factorizations of the element of geometric algebra
representing it (many other factorizations exist). Note how we can compute directly
with spheres and planes rather than with equations asserting properties of points
on it.
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8.3.3 Unification of translations and rotations

The conformal model unites rotations and translations in a satisfying manner: both
are representable as the exponent of a 2-blade. We have seen that the rotations
require a 2-blade I/2 denoting a plane in the Euclidean space, and that a rotation
can then be represented as

rotation: x +— e 1¢/2xe19/2,

A translation turns out to be representable as the exponent of a 2-blade e, A p/2
containing the point at infinity and the translation vector p. Because e, Squares to
zero and commutes with p, we obtain

e=P/2 =1 4 e p/2.

You can now use this to verify that the translation of the point at the origin (repre-
sented by eg) indeed gives the point at p:

—eoop/2 2 2
p=e PlPege=P/? = ) + p — $p’en.

Having rotations and translations in the same form permits a concise treatment of
rigid body motions, presenting new unifying insights in traditional representations
such as screws [9]. This may well transfer them from theoretical mechanics to
practical computational geometry, as the next refinement after quaternions.

9 Conclusion

This introduction of geometric algebra intends to alert you to the existence of a
limited set of products that appears to generate all geometric constructions in one
consistent framework. Using this framework can simplify the set of data structures
representing objects since it inherently encodes all relationships and symmetries
of the geometrical primitives in those operators (an example was eq.(41)). Also,
it could serve as a straight-jacket for the specification of geometric algorithms,
preventing the unbridled invention of new operations and objects without clear
and clean geometrical meaning, or well-defined relationships to other objects in
the application. If our hopes are correct, this straight-jacket would actually not
be a limitation on what one can construct; rather it contains precisely the right
set of operations to provide a precise language for arbitrary constructions. The
basic operations even have the power to model the geometry of spheres and their
interactions; thus the same syntax admits of varied semantics.

That such a system exists is a happy surprise to all learning about it. Whether
it is also the way we should structure our programming is at the moment an open
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question. Use of the conformal model would require representing the computa-
tions on the Euclidean geometry of a 3-dimensional space on a basis of 2312 = 32
elements, rather than just 3 basis vectors (plus 1 scalar basis). It seems a hard sell.
But you often have to construct objects representing higher order relationships be-
tween points (such as lines, planes and spheres) anyway, even if you do not encode
them on such a ‘basis’. Also, our investigations show that perhaps all one needs
to do all of geometry are blades and operators composed of products of vectors;
the product combinations of this limited subset can be optimized in time and space
requirements, with very little overhead for their membership of the full geometric
algebra. That automatic membership would enable us to compute directly with
lines, planes, circles and spheres and their intersections without needing to worry
about special or degenerate cases, which should eliminate major headaches and
bugs. We also find the coordinate-free specification of the operations between ob-
jects very attractive; relegating the use of coordinates purely to the input and output
of geometric objects banishes them from the body of the programs and frees the
specification of algorithms from details of the data structures used to implement
them. Such properties makes geometric programs so much more easy to verify,
and — once we have learned to express ourselves fluently in this new language — to
construct.

We are currently investigating these possibilities, doing our best to make the
geometric algebra approach a reasonable alternative. The main delay now is that
the algebra dictates a new way of thinking about geometry which requires one to
revisit many old constructions. This takes time, but is worthwhile since it appears
to simplify the whole structure of geometric programming. At the very least, we
would hope geometric algebra to be a useful meta-language in which to specify
geometric programs; but the proven efficiency of quaternions, which are such a
natural part of geometric algebra, suggests that we might even want to do our low-
level computations in this new computational framework.

10 Further reading

There is a growing body of literature on geometric algebra. Unfortunately much
of the more readable writing is not very accessible, being found in books rather
than journals. Little has been written with computer science in mind, since the
initial applications have been to physics. No practical implementations in the form
of libraries with algorithms yet exist (though there are packages for Maple [1] and
Matlab [5] which can be used as a study-aid or for algorithm design). We would
recommend the following as natural follow-ups on this paper:

e GABLE: a Matlab package for geometric algebra, accompanied by a tutorial
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[5].

The introductory chapters of ‘New Foundations of Classical Mechanics’ [8].

An introductory course intended for physicists [2].

An application to a basic but involved geometry problem in computer vision,
with a brief introduction into geometric algebra [11].

A paper showing how linear algebra becomes enriched by viewing it as a
part of geometric algebra: [10].

If you read them in approximately this order, you should be alright. We are work-
ing on texts more specifically suited for a computer graphics audience; these will
probably first appear as SIGGRAPH courses.

References

[1] A. Lasenby, M. Ashdown et al., GA package for Maple V, 1999, available at
http://www._mrao.cam.ac.uk/“clifford/software/GA/

[2] C.Doranand A. Lasenby, Physical Applications of Geometric Algebra, 2001,
available at http://www.mrao.cam.ac.uk/clifford/ptllicourse/

[3] C.Doran, A. Lasenby, S. Gull, Chapter 6: Linear Algebra, in: Clifford (Geo-
metric) Algebras with applications in physics, mathematics and engineering,
W.E. Baylis (ed.), Birkhduser, Boston, 1996.

[4] L. Dorst, Honing geometric algebra for its use in the computer sci-
ences, in: Geometric Computing with Clifford Algebra, G. Sommer, ed-
itor;, Springer ISBN 3-540-41198-4, expected 2000, Preprint available at
http://www.wins.uva.nl/"leo/clifford/

[5] L.Dorst, S.Mann, T.A.Bouma, GABLE: a Geometric AlgeBra Learning En-
vironment, ww._science.uva.nl/"leo/clifford/gable._html

[6] R. Goldman, Illicit Expressions in Vector Algebra, ACM Transactions of
Graphics, vol.4, no.3, 1985, pp. 223—243.

[7] R. Goldman, The Ambient Spaces of Computer Graphics and Geometric
Modeling, IEEE Computer Graphics and Applications, vo.20, pp. 76-84,
2000.



42 Leo Dorst and Stephen Mann

[8] D. Hestenes, New foundations for classical mechanics, 2nd edition, D. Rei-
del, Dordrecht, 2000.

[9] D. Hestenes, Old wine in new bottles, in: Geometric Algebra: A Geometric
Approach to Computer Vision, Quantum and Neural Computing, Robotics
and Engineering, Bayro-Corrochano, Sobczyk, eds, Birkhduser, to be pub-
lished 2000, Chapter 24, pp. 498-520.

[10] D. Hestenes, The design of linear algebra and geometry, Acta Applicandae
Mathematicae 23: 65-93, 1991.

[11] J. Lasenby, W. J. Fitzgerald, C. J. L. Doran and A. N. Lasenby. New Geo-
metric Methods for Computer Vision Int. J. Comp. Vision 36(3), p. 191-213
(1998).

[12] G. Sobczyk, Simplicial Calculus with Geometric Algebra, in: Clifford Alge-
bras and their Applications in Mathematical Physics, A. Micali et al. eds.,
Kluwer 1993.

[13] J. Stolfi, Oriented projective geometry, Academic Press, 1991.



_-:-'jjept of Engineering, **Dept of Ph}’Sié'Sﬁ:-__

University of Cambridge

http://swww-sigproc.eng.cam.ac.uk/vision

: http://swww.mrao.cam.ac.uk/chtford

s7T® =

TR ;
aaT



Overview

Geometric Algebra

Reciprocal frames

Rotations: rotors, quaternions, Euler angles etc.
Multivector differentiation

Rotor interpolation

Applications relevant to computer graphics

e Computer Vision: camera calibration & 3d reconstruction
® Tracking and 3d skeleton-fitting using models
® [nverse kinematics and dynamics

A framework for ray tracing




Reciprocal Frames

It {e forms abasis foran #n-D space then {e&/{ 1s said
to be the reciprocal basis and satisfies

Basis not
necessarily
orthonormal.

Now have very useful property that: K de =aée

' ' 0 g
Will use reciprocal frames later for \ -

intersecting rays with planar facets.

In what follows, T will refer to reversion: ERECEIstsle




Using Rotors to rotate

® For our applications rotations are the most important
aspect of GA —recall (work 1n 3D here)

a = RaR' R = exp(-B) = cos— —Iisin—>

2 2

B (bivector) = plane of rotation
® Compare with quaternions:

The 1,3,k of quaternions are therefore
just the elementary bivectors




_ Rotors and Euler Angles

Euler angles: one commonly used convention follows

o E—(fﬂ)wé’gﬂ

f It
e; = Rye1R} e; = RgRye1R}R} S0
Then we are told to combine the x — R,RgR xR t})R;RL

rotation matrices as

—
]

~ (I Dyyre;
x> K Kk Kk 3 K —¢

1.e. we combine the rotations
about the unrotated axes in the
reverse order.

Thig can be justified in a number y_ :
of ways but 1s particularly simple v\ C, g

i i

using GA: Goldstein(27¢ Ed) P.146




_ Rotors and Euler Angles contd..

We can see this by taking
RoRy = (cos - IR(;JE'IR sin —)R(;)
= Ry (_005 5 e Slll—)R » R g

f

where ng 18 a rotation of @ about the unrotated e; axis

The elements of the rotation matnx, R, corresponding to the rotor
R are given by the following very s1mple EXPressions




 Converting between representations

Once we have our rotor description of a rotation, converting to any other
representation 18 very easy:

Rotation matrix: R, = e; - Re;R'
Axis-Angle 8 = 2cos ' (R}, Rr= I{R);/sin(8/2)

Quaternions Q= ap + aii+azjrask
o B el e el b L) e o D e

Euler angles R = RyR R, as before
= cos' (Rs) 8 =sin!(—Ry3/sind) w = sin™' (R3/sing)




_ Multivector Difterentiation

e In GA we can differentiate wrt any element of the algebra

e For 4, X multivectors, T a scalar, I a general (multivector-
valued function), derivative in “direction’ of 4 1s

*::::

AxIdxF(X) = lim scalar part
| 70 T of product

F(X+71A) — F(X)

® Extend this to multivector derivative by using a basis
and reciprocal basis for the entire algebra {e;}, {e’}

J summed
over grades
of X




Some examples.....

® Consider differentiating a bivector B wrt itself

® Similarly it 1s not hard to show that

8;3132 = 2B, 3”83 _ 532? o Will use this

later. ...
e Replace A by a and ¢, by ¢, to get the vector derivative
.0

d, = €' 50 where a = d'e;
oa




_ Rotor Calculus

e Rotor differentiation will be key to many of our
applications. Trick 1s to replace R by a general even

element (spinor) y and differentiate wrt y — avoids
messy differential geometry.

RaR = vay”

- Censider the sealar P e
function of R §=(RaR)-b=(RaRb)=(y ay b)
—ay b—y byay”

Intuitively reasonable and
important in least squares
problems




. Interpolation of Rotations

® Given two rotations, R, and R, say, can we define any
point of the rotor path in a sensible way? We know that R
takes us from R, to R, :

R=RR — R=PRHE =cxp(E)

® Yes, stmply interpolate the bivector 5 — resulting path
1s rotationally invariant (transform endpoints and path
transforms 1n same way).

R( A 1= ex;p( 1B YR known about by those who use
. | e o quaternions/rotational

R(O) = RO R(l) = Rl pseudovectors




2. Computer Vision: camera calibration

External calibration:

Many applications require
systems of multiple cameras —
motion capture, visual
survelllance etc.

Need an easy way of finding
camera positions.

Let R, . be rotor and
translation taking frame at
camera 1 to frame at camera /.




Maximum Likelihood Method

® Have n world points, X, (=X,), inm
cameras (X, ): observe image points,
X;;, 1 camera j. O,=1/0 if point 7
\! 1-~1h1e mot visible in camera j.

e Since X, and X are related by




_ Optimisation Scheme _

Form dernivatives and equate to
ZETO:

Involves rotor differentiation
and vector differentiation — all

carried out 1n a coordinate-free
manner.

Subsititute the maximum likelihood estimators for X ;s
and X;s
Solve resulting equations for Rs and s iteratively.

Converges in around 10 iterations if data 1s not poor
and involves no search. Same algorithm for any m.
Now used routinely 1n our motion capture system.




Motion Capture...

Once the cameras

are calibrated we

can use thig to

reconstruct 3D

coordinates of

tracked points: nice

least squares/GA

reconstruction NN
method drops outof & 4 BN
ML algorithm.

But the tracking
itself can sometimes
present the biggest
problem




_ Typical Output _

Output from 3 cameras of a
multicamera motion capture system:
taken from a subject on mock-up of |
the Millennium Bridge (London)




_ Motion Reconstruction

The single person on the moving bridge 1s simple to capture and
reconstruct:




Several independently moving objects

But things get more difficult to track when we have few
cameras (25 or 50Hz) and several independently moving
objects s ;

Video




Output from 3 cameras taken from three subjects on
mock-up of the Millennium Bridge — now we have more
occlusions and whole dataset 1s much harder to track




_ Motion Reconstruction

Here, the tracking and reconstruction proceeded without human
intervention when models of the objects were used — the models
are written in GA and the tracker tracks bivector components. ...




_ Tracking and Articulated Models

Need a good articulated model of our subject (plus some
occlusion modelling) to make tracking simpler— we build these
models using GA.

Forward kinematics:

Choosing a model and
describing the observations
in terms of the model.

Inverse kinematics:

Deducing the model
parameters from the
observations.

GA can simplify both the above




x, +Ri(de)R]

B R

x, =x, +R,R(d,e)HR] R,

Transforming to non-rotated axes
then gives:

Ap — Ay +R1r(d1€1)R1rT

R = o~ iDan
1

A a g o i ]

Ri‘ o E—{HE}B& L)
£

Process very straightforward.

E—(IIE}EI (Fjeq8 )




Modelling contd..

(given these equations we can track markers placed on the joints
using an EKF (extended Kalman filter) or particle filter with the
rotation parameters (later we compare using bivectors with Euler
angles) as our state variables. We can also use the model to
predict occlusions.

But n reality we cannot place
markers at the joints — and, 1n
order to get req/ mnformation on
the rotation of the joint (possible
rotation about axis of bone) we
need off-axis markers.

Need to estimate the e} and {e 1 b




Skeleton Fitting

Therefore, we wish to
determine, as accurately as
possible, the dimensions of
the skeleton of our subject
and the positions of the
markers relative to the joints

sSince this model will be

used for tracking, we need
to extract it from some

calibration data which 1s
simple to track.




_ Skeleton Fitting cont...

First consider just 2 jomnted
limbs X and Y on which
markers are placed at {e* }
and {e,}. Let X%, and y*, be
the 3d coordinates (which
WwWe assume we can estimate)
at ime %£. Then we know that

¢t +Rie*RIY and i =ci+Rie R,
bt = x¥ —y* = RIe’RL' —R,e&'R)
y
Gy {¢ )

=3 00 3 [ — 8 - (Riet Ry~ Rie Ry I




Evidence that the errors are approx. Gaussian, so least squares
1s appropriate. We solve this by the following approach

* Substitute in for the MLEs for rotors 8% and R¥_ — found
by using the estimation method described earlier for
camera calibration.

M~ U4, = zn;u: M’ ﬂ.}" R Ej.}-’

many conventional methods:

» Once we have the {e}s we can estimater CoKR.




_ Conventional CG/BM method

Currently in the computer

oraphics and biomechamcal

literature, methods which do the I MOVING fame
estimations for a fixed CoR are ’
used, mn conjunction with
measurements relative to frame

' path of C

moving with one of the limbs.

Leads to significantly poorer
estimates unless the points are
manually weighted (immediately
leading to rather ad-hoc
algorithms).




: Tracking using bivectors _

Now, from what has gone before, we can assume that we have a
fully calibrated camera system and a fully articulated model of our
subject’s skeleton and markers — we now track our subject:

On the next shde we see the results of comparing two tracking
scenarios — one using Euler angles, and the other using bivector
components (need derivatives wrt bivectors).

Generate data so that there are large rotations involved (for small
rotations there 1s lhittle difference between methods). Add noise
and track the data a) using Euler angles and b) using bivectors

We can see that the bivectors do slightly better — important for
cases where we would like to predict the state as accurately as

possible from the motion data.




Tracking using bivectors

red = true values  blue /green = estimates from bivectors/euler angles




Inverse kinematics

Courtesy CLAW AR website

Inverse kinematics particularly
important in complex machines like

this hexapod walking robot EEEEp

(jiven vectors we can recover rotors
n two very neat ways:

ik

{Ef} L.

Rarely any need
to resort to
coordinates!

R satisfies




An example — simple insect leg

Consider a single
hexapod leg
shown on
previous shide.

femur

Conventionally
the forward and
mverse kinematics
are described n
terms of Euler
angles.




Simple insect leg: FK & IK

pz = (cos jecos @ — cos Asin pusin 8)[l2 cos ¢ + 13 cos(¢p + 1) + 1]
+ sin A sin pflz sin ¢ + 13 sin(¢ + )]

py = (sin rcos @ + cos A cos jusin 8)[l2 cos ¢ + 13 cos(¢p + ) + 1] (16)
— sin A cos p[lz sin ¢ + I3 sin(¢p + )]

P = sin A sin é[fg cos ¢ + Iz cos(p+ ) + 11| + cos All2 sing + I3 sin(d + )]

é = arctan (

F, ¥ r 2
arctan —\/1— (3.34_1:,;_‘_”3 _IE_IE) ;"32+IE+:'?2—32— :

—Px COS ASIN f1 + py COS A €OS ji + P2 Sin A
Pz COS L + Py SIN

21213

P I3 sin)
arctan 3 5 | — arctan -
2+ y I + l3cos

x,y,Z also functions of the angles. Derivation takes many pages of
matrnx manipulations conventionally

2lalg




Simple insect leg: FK -- GA

Forward kinematics very
easy to write down using
rotors as we did for leg:

Establish rotors &, , Ry, R
at each of joints and
assume rotations from an
mitially straight position

ra+ Ra(=lieg)Ra = R,R\Ro(—~l1e2)RgR\R,,

rg + R R4 (—ngig)ﬁ’.ARE =xg+ R.AR’E(—I;.—:E;;}RTB R4
rc + RoRpRa(—lze2)RaRsRc =

zc + RaRg Ro(—lse2) R Rig Ra




Simple insect leg: IK -- GA

First establish the joint positions via
geometry. Then unwrap rotors — 1 page!

Ra x 1+ f'gi
where  [fi, fa, fa] = [=liea,ea, I fi A fa] | |
and  [g1, 92, 93] = [Rlﬁjsaffﬂ —z4)R,. Ry, e3,1g1Ag2]

Advantages are , _
not having to Rp o<1+ f'gi
deal with any where [fi, fa, fa] = [—l2e2, €1, I fi A f2]

and [g1,92,93] = [Ra(zxc — zB)Ra,e1, g1 Ag2]

quadrant
polarities — no
SINes OT COSInes R o1+ f'g:
mvolved in the [N NS 13 )

H]"“FEI‘E]'DI]' and [_E}'l y g2, IE_}':-I] = [EIH .ﬁ;‘-‘. {:’]‘T_F' - ;IT{’_'}RA R“H, e1, Il;“ J'“'L'Q':.!]




Inverse Dynamics

GA 18 the perfect tool for cagses in which we want to infer dynamical
quantities from observed data.

We have been using it to infer forces and torques on a subject
during motion from data from the optical motion capture umt —1.e.
3d positions of points on the body over time.

4 Crucial step 18 to define
e} JESi motion of body in terms of
S E T e~ .
a time-dependent rotor

Fixed axes Movwving body

The full dynamical equations can then be written down concisely in
terms of the quantities

R, Q. and Qz=R'QR
where £;, Q5 are the space and body angular velocity bivectors.




Inverse Dynamics

Have a very straightforward system to work with — estimate the
bivector B; (R; = e P+) and its first and second derivatives at
each time step from the position data, approximate the mertia tensors
of limbs, and estimate forces and torques:

In GA the mnertia tensor, f, becomes a mapping of bivectors onto
bivectors, so that the rate of change of angular momentum of a body

can be written as [l i R[I(E}B) x (2p + I(.CZB)]RT

Graphs on next shide show results of analysing data of person
walking on the moving bridge (as shown earlier) — we are able to plot
reagsonably smooth estimates of accelerations, angles etc in particular
directions and to infer forces and torques from these:




Dynamical data from bridge dataset

w AT () noonbaration of tha foot in caciiiating descdon % 16" bl moo. dus o rot. only of the ook in osolinfing dirsction
' . . : al ; : ; .




A Framework for ray tracing

Given a set of plane reflectors with normals #,,#,,7.,,...etc and an
mmcoming ray direction 2, we form the final output direction after

multiple bounces via

m=+tnn ..nmp . ..n.n
This works n the 3d GA
and works well for direction,
but doesn’t keep track of
the position of the rays and
hence (for example) the
planes they will intersect n
a complex case.




Intersecting rays and planar facets

Use 5d conformal representation of 3d Euchdean space (see later
talks). Let O be the plane and /. be the line we wish to reflect (in
5d these are 4-vectors and 3-vectors resp and e, 18 anull vector
representing the pomnt at mnfinity)

O=e AANBACAD, L=e APAQ

| ; not only has the correct direction, but
Find that [EREEROIR goes through the point of intersection

of the line and the plane.

Hence we can now carry along positional as well as directional
mmformation. Can also reflect in several planes via

I'=®d d D 1D d O ouitpuit ray will be in the
e e j g e 1 ' 1 S :

8 correct place positionally




Intersecting rays and planar facets cont..

We can also see easily whether a ray intersects a particular triangular
facet in an efficient manner using the idea of reciprocal frames in 5d —
cuts down on the number of conditional operations one needs to do.

Have been using these i1deas in two main applications :

a) Ray tracing — multiple reflections from complex surfaces
b) Surface evolution

Will show two examples:

1. Scattering of an incident plane wave from a complex
2D shape with concavities — there 15 little extra
computational complexity required in 3d.

2. Ewvolving mmtal circles onto a 2d shape with

concavities — again the method remains same when
we move to 3d
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Surface evolution

An mtially
differentiable curve
evolves to a shape
exhibiting concavities.

-




> Have looked at several engineering/computer science

applications of GA — have also seen that GA is a very
powerful language for physics

% The elegant, generalizable (over dimensions) and
efficient way in which GA handles rotations is the key to
much of the applications work

s The mathematics involved is considerably simpler
than some areas of pure maths {(differential topology
etc) used in current engineering/comp.sci research.
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Scope

This set of notes gives some background to the material presented in the applications
lectures. More detail can be found in the references listed at the end of these notes.

The notes cover some of the material presented in the lectures, mainly the inverse kine-
matics and dynamics. The notation follows that in the course although the references
listed adopt a slightly different notation scheme.

1 Tracking, analysisand Inverse Kinematics

1.1 Introduction

The main driving force behind the development of the modelling techniques we will de-
scribe in subsequent sections has been the need to provide fast and efficient algorithms for
optical motion capture. Optical motion capture is a relatively cheap method of producing
3D reconstructions of a subject’s motion over time, the results of which can be used in a
variety of applications; biomechanics, robotics, medicine, animation etc. Using a system
with few cameras (3 or 4) we find that in order to reliably match and track the data (con-
sisting of bright markers placed at strategic points on the subject) we must use realistic
models of the possible motion. Once the data has been tracked using such models, we are
in a position to analyse the motion in terms of the rotors we have recovered.

The mathematical language we will use throughout will be that of geometric algebra
(GA). This language is based on the algebras of Clifford and Grassmann and the form
we follow here is that formalised by David Hestenes [1]. There are now many texts and
useful introductions to GA, [2, 3, 4, 5].

1.2 Rotations

If, in 3D, we consider a rotation to be made up of two consectutive reflections, one in the
plane perpendicular to a unit vectar and the next in the plane perpendicular to a unit
vectorn, it can easily be shown [4] that we can represent this rotation by a quainiy
call arotor which is given by

R=nm

Thus a rotor in 3D is made up of a scalar plus a bivector and can be written in one of the
following forms

6 6 6
fr 7B/2 fr — ] — — —_ — 1 —
R=e exp ( 12n> coS Insin 5 (1)

2



which represents a rotation éfradians about an axis parallel to the unit vectan a
right-handed screw sense. Here the biveétoepresents the plane of rotation. Rotors act
two-sidedly, ie. if the rotof? takes the vectat to the vecton then

b= RaR'.

whereR' = mn is the reversion of? (i.e the order of multiplication of vectors in any part

of the multivector is reversed). We have that rotors must therefore satisfy the constraint
that RR' = 1. One huge advantage of this formulation is that rotors take the same form,
i.,e. R = +exp(B) in any dimension (we can define hyperplanes or bivectors in any
space) and can rotate any objects, not just vectors; e.g.

R(aAb)R' = (RabR"), = (RaR'RbR'),
= RaR'ARDR! (2)

gives the formula for rotating a bivector.

Before we leave the topic of rotations, we will outline one property of rotors which will
turn out to be familiar to us from classical Euler angle descriptions of 3D rotations. Con-
sider an orthonormal basis for 3-spage;, es, e3}; suppose we perform a rotatidgy,
whereR, = e~ %1¢1 je. we first rotate an anglg about an axis;. We then follow this

by a rotation o¥, aboutthe rotated e, axis — this second rotof,, is given by

R2 — eflegRlegRJ{

The combined rotation is therefore given By = R, R, — this can be written as follows:

Rr = {cosfy/2 — IRleQRJ{ sin 0y /2} Ry
= Ri{cosby/2 — Iey sin92/2}RIR1
= RR, 3)

sinceRlR{ =1 andeaRI = « for a a scalar.. Thus if?; is the rotation of), about
the non-rotated axis (i.e. juste; in this case), we see that the compound rotation can be
written in two ways

R2R1 - RlRIQ (4)

Now recall the classical Euler angle formulation: any general rotation can be expressed
as follows: a rotation of about thee; axis, followed by a rotation of about therotated
e; axis, followed by a rotation of about therotated e; axis [6], as shown in figure 1

Something we always want to do is to apply such a rotation to a vectbr GA terms
we have 3 rotors representing the 3 rotations:

0
Ry = exp{~10e;), Ry = expl~T0¢t), By = exp{-15¢}



Figure 1. Sketch of the three elementary rotations in the Euler angle formulation — in
which initial axes(e;, ez, e3) are rotated to final axg$ r, eaf, e37)

wheree! = R,e; Rl ande! = R,R,e;R! R}. The combined rotor is
Ry = RsRyR, sothatz’ = RpaR),

This is all very straightforward, mainly because we are dealing ®adttve transforma-
tions.

Now, if we implement our Euler angle formulation via rotation matrices, [6], we see that
we have 3 rotations matrices:
i 0 1 0 0
A1 = (f:?n¢¢ z(l)r;ﬁ 0) A2 = <0 cos 0 sin0>
0 0 1 0 —sin@ cos @
cos® siny 0
Ag = <—sinw cg;¢ o)
0 0 1
which represent the rotations about the non-rotated axes and we apply these matrices in
reverse order to form

AT = A1A2A3 sothat 2’ = AT.Z’
If R, RS, R} are the rotors representing the rotations encoded jm,, A; (i.e. rotations
about the non-rotated axes), then we therefore see that (Mefirg R, )
R\ R,R; = R3Ry Ry

which is precisely the formula that we know relates rotations about rotated and non-
rotated axes given in equation 4. Confusion often arises due tpadse/e nature of

the Euler angle formulation as given in standard textbooks — there is no such confusion
possible if we work totally withactive transformations, as one is forced to do with the
rotor formulation.

1.3 Articulated Motion Models. Forward Kinematicsand Tracking

We begin by considering a simple model of a leg as two linked rigid rods shown in fig-
ure 2. Let us assume that the first rotd3, can rotate with all degrees of freedom about

4
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Figure 2: Two linked rigid rods used to simulate the leg

point A but that the second rod3C, can only rotate in the plane formed by the two
rods (i.e. about an axis which is perpendicular to both rods and initially aligned with the
eo axis). In reality more complex constraints can be consideegck,, e3 form a fixed
orthonormal basis oriented as shown, z,, z. are the vectors representing the 3D posi-
tions of A, B, C respectively and:; = z, — z, andxy = z. — x3, which, initially, take

the values/,e; anddse;. We can immediately write down the position of poiftsandC

as

Ty = To+dRieiR! (5)
Te = xp+ dyRyRie RIR) (6)

where we havd?, = exp{—]%nl} and we allow for the fact that the poidt may move

in space (note here that we allow any rotation of ¥ol aboutA, although we may want

to only have 2 dof rather than 3 if we are not interested in the orientation of the axes
at A). We also have thak, = exp{—I%n}} with n}, = Rie;RI. Using the fact that
RyRy = Ry R, with R, = exp{—[%‘zeg} we are able to give the position of the ankie,

as

Te = 2q + d\Rie1 Rl + dy Ry Rhe1 R R = 2, + Ri{dyey + doRbe; RTIRT (7)

Thus we are able to write down, in a manner which deals only with active transformations,
such forward kinematics equations for arbitrarily complex mechanisms. But this is not the
only advantage of this approach; we can now have the elements sftriasrotors— it

is well known that singularities can occur using Euler angles (i.e. when an angle goes to
zero,90° or other specific ranges) and we can avoid many of these singularities using the
rotor components as our variables. The use of such models in optical tracking scenarios
is briefly discussed here.

In a typical multi-camera tracking problem where we place markers on joints, the mea-
surements (2D points in the camera planes) will be related to the statenesarement
equation:

y(k) = Hi(z(k)) + w(k) (8)

5



where they (k) is our set of measurements (observations) at timek, (k) is the state at

timet = k (parameters describing our model(s)), angk) is a zero-mean random vector
representing noise at the detection points. The fundtigmelates the model parameters

to the observations. In this case we take our model parameters to be the coefficients of the
bivectors representing the rotoB (= by1e; + byles + bsles) and then use expressions
such as equation 7 to relate these to our observations.

The process equation
w(k+1) = Fi(x(k)) +v(k)

tells us how our system (model) evolves in time; he(g) represents the process noise.

In the case described, tells us how we believe the bivectors to be evolving — one might
argue that the variation of the bivectors will be smoother than the evolution of separate
Euler-angles.

In general,H,. will be extremely non-linear and so the above problem can be solved by
applying an extended Kalman filter (EKF) to update our model estimates and predicted
observations at each time step.

A detailed comparison of the difference between using Euler-angles and using bivector
coefficients as the scalar model parameters in such tracking problems will be given else-
where.

1.4 Inversekinematics (1K)

Inverse kinematics is the procedure of recovering the model or state parameters given the
measurements — in particular, when incomplete sets of measurements are given (i.e. not
all the joint coordinates) we can, in certain cases, recover a unique model or a specified
family of solutions. In this section we shall outline the use of GA in solving IK problems

by consideration of a particular, fairly simple, example. The example we choose is the
following (it is one which often appears in standard texts); a system consisting of three
linked rigid rods representing a typical insect leg — such a setup is commonly used in
walking robots and is illustrated in figure 3. Here we fix a set of axes represented by unit
vectors(ey, e, e3) (note that in the figure--e;, —eq, e3 are shown) at the basal joint, so

that the angle of the first link, or coxa, is given by the Euler an(fles, 1), and the rotor
representing this rotation is

A ]
Ry =e5aeg59e73% = R Ry\Ry (9)

Generally the angle§\, 1) are taken as known, so thailone describes the position of
the first link. The second (femur) and third (tibia) links are such that only rotation in the
plane of the three links is allowed, so that the positions of the leg are fully described by

6



Figure 3: Three linked rigid rods representing the leg of an insect

two further angles¢ andv as shown in figure 3. If we take our initial configuration to
be that in which the leg is fully extended with all links lying along the rotatedRhy e,
direction (i.e.¢ andy = 0), then the rotations at joint8 andC' are given by

Ry = €5 and Ry =€t (10)

wheree|, = Rje RY, €' = RpRue R Rl,. Note here that we are rotating about the
—e; direction in order to give the sense®findy shown in figure 3. We are thus able to
write down the postion vectors of all joints and finally of the foot positignas follows

xp = xa+ Ra(—le) Rl = R,R\Ry(—lies) RYRLR], (11)
¢ = xp+ RpRa(—les) R\ Rl = 25 + RAR)(—loes) R, R, (12)
tp = zo+ RoRpRa(—lses) RLRLRY, =

2o 4+ RyRy R (—lsey) RY, R, RY (13)

whereR', = else andRy, = e/ %¢1, We can therefore writep as
zp =z + Ra{—lies + Ry{—lses + Rl(—lse5) R".I RV, VR, (14)

This uniquely gives the forward kinematic equations in terms of the three BtQr& z, Rc¢;

if one was to convert this to angles one gets the following equations (which are conven-
tionally obtained when one uses transformation matrices to denote position of one joint
relative to the previous joint [7]):

px = (cospcosf — cos Asin psin 0)[ly cos ¢ + I3 cos(p + 1) + I4]
+ sin Asin p[ly sin ¢ + Is sin(¢ + )]

py = (sinpcos 0 + cos A cos p sin 9~) Iy cos ¢ + I3 cos(¢ + 1)) + 1] (15)
— sin Acos pfly sin ¢ + I3 sin(¢p + 1)

sin Asin 0[5 cos ¢ + I3 cos(¢ + 1) + 11] + cos A[ly sin ¢ + I3 sin(¢ + )]

P:



In the abovef = # — ©/2, since the convention (following Denavit-Hartenberg) is to
measure this basal rotation angle from ¢h@xis rather than from the axis as our rotor
formulation has done. Now, the inverse kinematics comes in when we try to recover the
joint angles(9, ¢, ) given (p,, py,p.) (and the origin of coordinates). Conventionally
the solution is obtained by a series of fairly involved matrix manipulations to give the
following expressions for the joint angles:

i — arctan (—pm €OS Asin 1 + py cos A fzos i+ p,sin )\>
Pz COS |4 + Py SIN L
2?42 12—\ 2 +a? oyt 1212
= t /1= 3 2 3
v = arctan \/ ( 2yl / 2yl
z l3sin
¢ = arctan (:E2 n y2> — arctan <m> (16)
where
T = ppCosp+pysing — Iy cos 0 a7)
= —pzCOSASInfL + p, COSACOS [k + P, sin A — Iy sin @ (18)
Z = pgsinAsinp — pysinAcos p + p, cos A (29)

In standard texts it is often noted that it is better to express joint angles in terms of arctangent
functions to avoid quadrant polarities — we will return to this point later when discussing problems
with this Euler angle formulation. Suppose that we have the paints, =, z,, we will now

show that it is straightforward, from equations 11-13, to recover each of the r&QrBg, Rc¢.

In order to do this we shall use a simple result from GA (see [4] for more details). Suppose that a
set of three (non-coplanar and not necessarily orthonormal) unit veciesses is rotated by a
rotor R into a set of three other (necessarily non-coplanar) unit vegtofs, fs —then the unique

rotor which performs this job is given by

Rox 1+¢€f; (20)

where the proportionality factor is easily found by ensuriff = 1 and{¢’} denotes the recip-
rocal frame of{e; }. The reciprocal framée’} is such that’-e; = &% and can be formed (for 3D)
as follows

1

el = —IesNes
«
1

2 = Zleshe (22)
«
1

3 = —IeiNey, (22)
«

wherela = ez AexAey.

This provides us with a remarkably easy way of extracting rotors if we know the joint coordinates.
Let us first consider equation 11 f&,. We can rewrite this equation as

RIR}(xp — z4)RuR) = Ro(—l1e2) R) (23)
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From this we can see that the vectir= —Ie, is rotated into the vectog; = RlRL(xB —
za)R, Ry and also that, sinc&y = ‘15063, the vectorf, = e3 is rotated into itself, i.egy = e3.
From this it follows thatf; = I f1Af, must be rotated intgs = 1g1Ag2. Thus, using equations 22
we can form{ f*} and the rotom?, as follows

Ry o« 1+ f'g;

where [f1, f2, f3] = [~liez, e3, [ f1 A f2]

and (91,9, 95) = [R\ R}, (xp — wa) Ry R €3, 11 Ago] (24)

ThusR 4 is then recovered from equation 9. Using this we can now look at equation 12 which can

be rewritten as
R'\(z¢ — z3)Ra = Rig(—laeq) Ry (25)

We can then invert as above to give
Ry o 1+ f'g;
where [f1, f2, f3] = [~l2e2, €1, [ f1 A f2]
and [91,92, 93] = [R),(zc — 2B)Ra, e1, Lg1 Aga] (26)

Finally, R~ can be recovered by precisely the same means using

¢ o 1+ f'g;
where [f1: [, f3] = [—lze2,e1, I fiAfo]
and 91,92, 93] = [R5 Rl (zp — 2c) RaRY, e1, [g1 Aga] (27)

Thus, we see that we are able to invert our forward kinematic equations trivially if we have the
coordinates of the joints. Of course, the IK problem as we described it involved being given only
x4 andzp. The plan we advocate is therefore to finglandz by purely geometric means as an
initial stage, followed by the rotor inversion process described above. To illustrate this, consider
how we would findz g, 2 for the given example.

Takingz 4 at the origin, we know thaf; andzp must define the plane in which all the links must
lie, call this planed — see figure 4. We can forny via

(2, — (2p-d)eh) -
2y — (zp-eb)eh) (28)

.’IZB:ll

There are clearly two possibilities fag-, given by the intersections of the circles lying in the
plane® having centres and radii given lyg, [2) and (zp,l3). If we then definee| = (zp —
rg)/(lxp — zp)| ande a vector perpendicular tg lying in @, it is not hard to show thaic is
given by

ro =x|€| +TLeL

where
2 g2 2p — rr)2
o = 2 123| ;p(—me 5) (29)
[(ls = 13)> = (zp —x)*)[(l2 + 13)* — (zp — zB)”]
L= - { dlzp — zp| } (0)

9



Figure 4: Figure illustrating setup used to determine joint positions from geometry

When the geometry is more complex than given in this example (indeed, things will get more com-
plicated if we also have prismatic joints rather than simple revolute joints) the joint positions, or
family of joint positions are found by intersecting circles, spheres, planes and lines (with possible
dilations) in 3D. The system that we are currently working on performs this initial geometric stage
in the 5D conformal geometric algebra [8, 9]. This framework provides a very elegant means of
dealing with incidence geometry and extends the functionality of projective geometry to include
circles and spheres. A feature of the conformal setting is that rotations, translations, dilations and
inversions in 3D all become rotors in 5D.

We now return to the question of whether we gain any advantages from doing our IK problems
in geometric algebra. In the simple case illustrated, simulations have shown that we can recover
the rotors (there always exist two sets of solutions) exactly for any combination of angles — there
is no need to restrict any of the angles to particular ranges. However, when the equations in 16
are used to recover angles, we find that the whole process is plagued with conditionals, i.e. the
correct solutions are obtained only if signs of various terms are checked for various angles in
various ranges. From a computing point of view this is expensive and may ultimately lead to
hard-to-track-down errors.

1.5 Conclusions

Here we have illustrated how the geometric algebra, and particularly the rotor formulation within
the algebra, can be used as a mathematical system in which forward kinematics, motion modelling
and inverse kinematics can be elegantly expressed. The formulations given have been put to use
in tracking problems in which optical motion capture data is tracked via constrained articulated
models and in inverse kinematics of simple leg structures. We believe that the system as outlined
here has enormous potential in more complex inverse kinematics problems where we would like
to define families of possible solutions — the key here would be to do the initial geometry stage via
a 5D conformal geometric algebra. Work in progress also includes the analysis of human motion
data via our articulated models in an attempt to understand how motions are described using the
rotor formulation.
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2 Inferringdynamical information from 3D position data
using geometric algebra

2.1 Introduction

Estimating inverse dynamic (ID) quantities is essential in areas such as robot control, biomedical
engineering and animation. In the field of robotics there are numerous techniques and procedures
for calculating these quantities [10, 11]. The computational procedure given in [11] for estimat-
ing ID quantities is the Luh-Walker-Paul algorithm [12]. Also in the context of estimating ID
guantities from marker data, [13] has presented an inertial model and a method to calculate the
joint moments, although this is not an explicit algorithm for calculation of these quantities. Here
we present a step-by-step algorithm to estimate the ID quantities using only the 3D positions of
markers attached to an articulated body in general motion using Geometric Algebra (GA). The
simplicity of the derivations given here is due to the fact that the rotation of a body is represented
as a single quantity; namely the rotational bivector. When Euler angles are used to model the
rotation it is extremely difficult to formulate the ID quantities in a simple manner. Using the stan-
dard technigue of employing angular velocity vectors [11, 13] does not yield a simple connection
between the rotational quantities and the actual ID parameters. In such formulations it is not clear
how to obtain the angular velocity vector in numerical calculations when the axis and the angle of
rotation change with time. Since the direction and the magnitude of rotation are incorporated into
a single quantity when rotational bivectors are used, each kinematic and dynamic parameter can
be expressed directly.

First we present the basic formulation of the dynamic equations in GA and then derive the angular
velocity and acceleration bivectors given the rotations. Then we adapt these results for calculations
with marker data. We apply the techniques to real world data obtained from an experimental setup
of a person walking on a moving bridge.

2.2 Some Basic Formulations

Here we either derive or state some basic formulae needed for the calculation of inverse dynamics.

2.3 Angular Velocity

If set of vectors{ f} on a body rotating in space can be related to a fixed time independent set of
corresponding vectorsy, } by a time dependent rotdg, we can write

fr = RexR'. (31)

Define the angular velocity bivector of the rotating system [14, 15] in sgacegia the equation

Jr=—Qs x [ (32)
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where operatok denotes the commutator product definedlasB = —Bx A = (AB — BA) /2
and f;, are the velocity vectors. This is analogous to the ‘conventional’ definitigh ef wx fx
wherex denote the vector cross product and the angular velocity vector which is relatedip

by Qs = Iw [14] with I being the pseudoscalar in 3D. Equation (31) can be differentiated with
respect to (wrt) time to give

fi = RexRT + ReyRT. (33)
Note thaté,, = 0 sinceey, is fixed. But sinceRR! = 1, RR' + RRt = 0, and therefore
Rt = —R'RR'. (34)

Equation (33) can then be re-arrangedjas: (2RRT> X fx. It can be proved [14] that the quantity
RR' is a bivector. Hence we can associate it with the angular velocity bivector of equation (32);

Qg = —2RR' (35)
and thusf;, = f; x Q. Itis also possible to rearrange equation (35) to give

L1
R=—ZQsR. (36)

The angular velocity referred back to the bofdy, is the ‘body’ angular velocity and is defined

14, 15] b
[14, 151 by Qs = ROpR!. 37)

2.3.1 Linear Velocity, Acceleration and inertial force

In general the points on a rigid body which is in general motion relative to a measuring coordinate
system can be expressed as
yi = Rx;R' +d (38)

wherey; andd are theith point and the displacement of the Centre of Mass (CoM) of the body in
the observation frame respectively. is theith point referred to a conveniently chosen fixed set
of axes on the body placed at the CoM. Hengehas no time dependence assuming rigidity of
the body. Differentiating equation (38) wrt to time gives the velocity of the point on the body in
the observation framg; as . . i . .
Using equations (34) and (35) it is possible to derive (see for e.g. [16]),

vi=(yi—d) x Qs+ d = Rx;R' x Qg +d. (39)

Differentiating equation (39) wrt to time again and substituting(fgr- d) gives the acceleration
as
yi=(yi —d) x Qs +[(y; —d) x Qs] x Qg5 +d.

Hence using Newton’s second law, the inertial forEeacting on the body can be written as

F =my;

wherem is the mass of the body if the observation frame is an inertial (constant velocity) frame
of reference.
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2.3.2 Angular momentum, inertia tensor and inertial torque

It is straightforward to derive the angular momentum bivedioipf a body. In [14] it is shown to
be given by
L=RI(Qp)R' with I(B)= / dzpx A (x - B) (40)

whereZ(.) is a linear mapping of bivectors onto bivectors, and is the inertia tensor of the body.
Since the inertia tensor is an integration referred to the ‘fixed’ copy vectors, it is time independent.
But note that(2p is time dependent. Inertial torque, satisfiesr = L and we can fornL by
differentiating equation (40) wrt time to give

L = RI(Qp)R' + RI(Qp)Rt + RI(Qp)RT.
But using equation (34) can be expressed ([14, 16]) as
L= —%QSRI(QB)RT + %RI(QB)RTQS + RZ(Qp)R'.
Hence from equation (37), inertial torque is given as ([14, 16]),

r=1I=RI[T(Qs) x Qs +I(QB)] R, (41)

2.4 Calculationsin termsof rotational bivectors

Here we present a method to calculate the angular velocity bivéktand the angular accel-
eration bivectof2s given only the rotational bivectaB. The derivation oK is similar to the
method presented in [17]. First we use the definition of the r&tor terms of the bivectoB

R =exp(—B) = exp(—gﬁ) = cos(#/2) —sin(0/2)B (42)
whereB = ¢ B and3? = —1, to evaluate
. 9 . 0 ~ . X 9 ~ . 2
R = —3 sin(0/2) — 3 cos(0/2)B —sin(0/2)B = —§BR —sin(6/2)B.
Hence we can writ€s = —2RR! in terms of the above as
Os = 6B + 2sin(0/2) BR'. (43)
Since it is easier to evaluaéthan]é andd, it makes sense to Wriﬁeandﬁ’ in terms of B

02 = —ABB, 200 = —ABB — 4BB, § = —4 (BﬁB) /6 (44)

whereAxB = (AB + BA) /2 is the anti-commutator product. SinBe= 2B/6 and therefore
OB = 2B, we have o . _ . L
0B +0B =28 — B= (zB - 93) /0. (45)
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Note that the formulae fat andé in [17] are incorrect due to an error in defining equation (42):
in [17] B is taken ag)B rather than; 5. All subsequent derivations in [17] are correct if we

substitute B| for 6.

In order to evaluate the angular acceleratidp, in terms of6, B, B and B, we differentiate
equation (43) wrt time and substitute from equation (34)foto give

(s = 0B + 6B + 0 cos(6/2) BR! + 2sin(0/2) BR + sin(6/2) BR' Qg (46)
Here,f andé are to be evaluated. Differentiating equations (44) and (45) gives
o [4 (BxB) +4 (B)2+9'2] /6 and B = (25 -5~ 20B) /o
Also via equation (37), it is possible to derive the relationship betfdgeandQ g as
Op = R'QgR. (47)
A complete derivation of all the above basic results can be found in [16].

Also, as a first approximation, we use the two sided Euler formulae for the numerical derivatives

but if higher accuracy is needed, especially in the noisy data case, a polynomial fit for the function

around each data point can be used. A sophisticated realisation of this is the Savitzky-Golay filters
as implemented in [18].

3 Algorithm for Inverse Dynamics

Here we describe an algorithm for calculating inertial forces and torques given only the marker
positions attached to an articulated model using results from previous sections. The assumptions
are;

the 3D marker coordinates (possibly noisy) at each time instance are given

the time intervals for the data sets are known or constant

markers are labelled in the sense that it is known a priori to which link a marker is attached
each link can be modelled as a rigid body, attached either to a ball or a hinge joint.

the principal axes of inertia for each link in the observation coordinate frame are known

S T o

the centre of mass (CoM) in relation to the joint location is known.

Hence each marker position can be expressed as

Re(1)e2 ()R (1) + ti = vh (1) (48)
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where Ry (1) is the rotation at thé&th time instance of théh link relative to a given observation
reference coordinate frame. AlsfY!) is the vector from the joint to theth marker at theth time
instance (usually we take= 1), t; is the translation vector of the joint relative to the observation
reference frame.

Under the assumptions given above, the inertial forces and torques can be calculated by the fol-
lowing algorithm;

1. estimate the joint locatiorig, for all time instances

2. estimate the link rotations$y (1), relative to the coordinate system at the first time instance,
for all time instances and for all links

3. calculate the vector from a joint to its Cokd,(/), for all time instances.

4. calculate the total rotation from the principal axes of inertia to the current observation,
RT (1), for each link at each time instance

5. calculate the corresponding rotational biveckir(l) at each time instance and for each
link

6. estimate thé?kT(l) and hence calculate inertial forces and torques.

Using the techniques described in [19], it is possible to estirgasmd Ry (1) in a least squares
sense. When there is a hierarchical kinematic chain|dtal averaging global method in [19]

can be used. In that method the positions of the joints are built up from considering only one joint
at a time and averaging the results over the common links between joints.

Then the position vector from the CoR in the case of a ball joint and the perpendicular distance
from the AoR in the case of a hinged joirt,(/), can be calculated if the relative location of the
CoM to the joint is known (e.g. middle of the link).

If the rotation required to bring the principal axes of inertia for each link to the observation frame,
(1), is known (assumption 5), the total rotation of the principal axes can be expressed as

Ri, (1) = Re(Dr;(1).
HenceB} (1) can be estimated from

R (1) = exp (—B{ (1)) . (49)

3.1 Dynamical Equilibrium in the model

In a system that has one or several articulated chains connected to a central body, equilibrium
of the central body can be calculated by working from the bottom of the articulated hierarchy
and transferring forces up to the central body. This is also the foundation of Luh-Walker-Paul's
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algorithm [12]. Considering the free body diagram for a single link the forces acting on the link
can be expressed as

Fi.(I) = Fr(l+ 1) + m(l)g = m(1)y; (1) (50)
whereF({) is the force vector actingn the joint at the beginning of the linkon theuvth kinematic
chain at thekth time instanceFj (! + 1) is the force vector actingn the joint at the beginning
of the link ! + 1 on thewth kinematic chain at théth time instancen(!) the mass of the link,
g the gravitational pull per unit mass agii(/) is the acceleration of the CoM. Writing the set of
equations for the link, down to link1 whereL, is the last link of thesth chain, we have

Ly Ly
Fi(1) = F{(Ly + 1) + Y_mO)§i() = Y_m(l)g (51)
=1 =1

where—FJ (L, + 1) is taken to be the external force acting at the end of IinkConsidering the
equilibrium of the central body gives

L
=Y Fp(1) = m(b)§ (52)
v=1

assuming/’ chains are connected to the central bédyience substituting faF;, (1) in equation
(52) from equation (51) gives

1% V Ly VL,
S OFNLy+1) =D 0> my(g— Y Y my(l)doty}(l) — m(b)y} (53)
v=1 v=1 [=1 v=1 [=1

An analogous torque relationship can be derived by considering the torque acting on the CoM of
each link giving the final equilibrium equation as

|4 V Ly
S OTHLy+1) ==Y Y () -7 (54)
v=1 v=1 [=1

The full derivation is given in [16]. As for the forces; T} (L, + 1) is the external torque acting
on theL,th link.

3.2 Inverse Dynamicsfrom Motion Capture Data

Assuming the location of the CoM, the principal axes of inertia of each link and the 3D marker
positions attached to the links, it is possible to calculate the inertial force and torque quantities
relating to the subject of the motion capture. Assuming the frame rate of the capture system
is constant with an interval P, given the bivectors3!, (1), B} (1), B[_,(l), the translations
tri1(0), tr(l), tx_1(1) and theck (1), the results in the previous sections can be summarised as;
BT() ~ Bl () — Bl (1) B ~ Bl () —2BL() + B, (1)
2P P2

() ~ B = 2%51) +tp_1(l)

T
) =2/~BL0BEQ), B0 =2k
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BTy = B0 ;,j}“)(l)B’“T U

k(1)
+ 2sin(0,(1)/2) BL ()R (1)

1 (BLOxBI0) +4(BE0) + (8:00)
Ok (1)

2BT (1) — 6,(1) BT (1) — 20,()) BY (1)
9k(l) ‘
(1) = B ()BT (1) + 6 () BT (1) + 6x(1) cos(04(1)/2) BT (VRLT (1)

+2sin(0,(1)/2) BY (ORLT (1) + sin(04(0)/2)BE (O RLT (195 (1)

& (1) = cr(l) x QY1) + [ex(l) x QF(1)] x () (55)
Fi (1) = m(l) (&) + ()
QF (1) = RIT () (ORE (1), 2P (1) = RIT (1) (ORT (1)

(1) = REQ) [T 1) x QF 1) + TQF )] BT () (56)

wherle (1) andQP (1) are the ‘space’ and ‘body’ angular velocity bivectors respectively.

If the data from the whole system is available it is possible to apply the equilibrium equations (53)
and (54) to estimate the external forces and torques acting on the system up to a scale factor using

14 VL, VL,
STFLo+1) =33 ma0g= 303 ma(0) [€4(1) + E(0)] — m(b) [éz +'t'ﬂ
v=1 v=1 [=1 v=1 [=1
and 14 V Ly
ZTZ(LU ZZTk —Tk
v=1 v=1 [=1

whereé? (1) andé? are evaluated from equation (55) andl) andr? are evaluated using equation
(56). Note tha&?(l) + t2(l) is the acceleration of the CoM of tfith link at time of the branch

v.

4 Real world applicationsand results

The above techniques were applied to a dataset obtained from a bridge simulator [20]. In this
case the bridge was oscillating with one degree of freedom and the human subject walking on
a treadmill on the bridge phase locked into the bridge oscillation. We have assumed that the
oscillation direction is horizontal even though in the actual simulator it has a vertical component.

Eight markers were placed on the joints of the legs of the human subject and three markers were
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-3 b) Phase plot — delay one
(a) A frame of the motion capture dataset 4 210 ¢ ‘) re > on

measure d force
— — force on right foot
force on left foot

o
0.2 o.6 F, (foot)

Figure 5: (a) A frame of the motion capture data showing the legs of the subject and the
bridge markers. (b) The phase plot of the mechanically measured force on the bridge and
the forces calculated from the motion capture data.

placed on the bridge as shown in figure (5(a)). The markers were captured using a motion capture
system described in [21]. The output of the system is a set of 3D marker positions. Since in this
particular dataset a single marker per limb is placed at the joints, calculation of the joint location
and the rotation from one frame to the next was trivial. As this is not accurate, only qualitatively
accurate results were expected in this experiment. The limbs were modelled as solid cylinders with
axes assumed parallel to the vector between two joint markers. The principal axes and the inertia
tensors were calculated accordingly. The rotation from principal axes to the first frdipvwas
calculated using the GA method given in [22]. The rotational bivectors were calculated from the
rotors representing the rotations from the principal axes to each frame. The calculated bivectors
were smoothed using Savitzky-Golay filters as implemented in [18] since the data is noisy and first
and second derivatives of the bivectors wrt time must be evaluated. The procedure described in
section (3.2) was then applied to the resulting data; (1) andcy(I) were trivially calculated in

this case as the joint marker location and the half-way point on the corresponding link, respectively.

An example of the results are shown in figure (6) — many more plots are given in [16]. Also the
actual displacement of the bridge was measured mechanically. This displacement data was used
to calculate the bridge acceleration. The phase relationship of the acceleration of the bridge versus
that of the foot is compared in figure (5(b)).

These figures are presented as an illustration of an application of the procedure described in this
paper. For example, note also that data from figure (6) suggests that the very marked twist of the
foot towards the end of the gait cycle (before the foot is raised) seems to be responsible for most
of the lateral force on the bridge from the walker. It is also clear that scalar quantities such as
the angular velocity of the foot (and indeed the lower leg and the upper leg although this data is
not shown here) make smooth cyclic patterns in all directions. Further work will compare the gait
patterns between walkers on swinging and stationary structures. These techniques can be used
to complement data from force plate measurements and can also be used directly for biomedical
engineering applications.

18
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Figure 6: (a)-(e) Inverse dynamics quantities of the foot in the approximate oscillating
direction of the bridge plane. (f)-(h) the absolute angle of rotation from the principal axis
to the current position, angular velocity and angular acceleration of the foot. The dotted
lines are left limb and the solid lines are right limb data in all figures. The rectangular
pulses represent the times the corresponding leg is in contact with the bridge. Note that
the y-axis is accurate only up to a scale factor unless labelled.

4.1 Conclusionsand futurework

Here we have described an algorithm to estimate the quantities relevant in inverse dynamics from
the 3D positions of the points on moving articulated bodies. Although we have mainly concen-
trated on data obtained visually, the techniques can be readily applied to other technologies, such
as magnetic markers. Most of the methods given here can also be used in robotics. In the applica-
tion dataset given, the joint locations and the rotations were estimated trivially. But in general, if
there are multiple markers per link, these quantities can be calculated in a least squares sense using
the techniques described in [23] and [19]. The crucial reason for the resulting simple recipe for
calculating inverse dynamic quantities is the use of a single GA quantity, the rotational bivector,
as the variable quantity rather than treating direction and magnitudes separately.

Clearly more experimental work is necessary to validate the procedures described here. Ideally
the algorithm should be cast in a probabilistic framework and also, a sensitivity analysis, similar
to that given in [10], should be carried out. Such an analysis would estimate the sensitivity of our
derived quantities to errors in the locations of points, models used etc.

We believe that, despite current limitations, the methods we have described here provide a set of
powerful tools for estimation of dynamical quantities for use in engineering, biomedical applica-
tions and computer animation.
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1 Geometric Algebra of 3-D Space

The geometric algebra (GA) of 3-d space is a remarkably powerful tool for solving prob-
lems in geometry and classical mechanics. It describes vectors, planes and volumes in a
single algebra, which contains all of the familiar vector operations for 3-d space. These
include the vector cross product, which is revealed as a disguised form of bivector. The
algebra provides a very clear and compact method for encoding rotations, which is con-
siderably more powerful than working with matrices. This reveals the true significance
of Hamilton’s quaternions, and resolves many of the historical difficulties encountered
with their use.

As a basis set for the geometric algebra of 3-d space we use chose a set of orthonormal
vectors {ey, ey, e3}. All three vectors are perpendicular, so they all anticommute, and
have unit length so they square to +1. From these 3 basis vectors we can generate 3
independent bivectors:

€1€9, €qo€3, and €3€1. (11)

Each of these encodes a distinct plane, and there are 3 of them to match the 3 inde-
pendent planes in 3-d space. As well as the 3 bivectors the algebra contains one further
object. This is the product of 3 orthogonal vectors, resulting in

(6162)63 = €1€5€3. (12)

This corresponds to sweeping the bivector e;e; along the vector es. The result is a
3-dimensional volume element and is called a trivector. This is said to have grade-3,
where the word ‘grade’ refers to the number of independent vectors forming the object.
So vectors are grade-1, bivectors are grade-2, and so on. The term ‘grade’ is preferred
to ‘dimension’ as the latter is reserved for the size of a linear space.

In 3-d the maximum number of independent vectors is 3, so the trivector is the highest
grade object, or multivector, in the algebra. This trivector is unique up to scale (i.e.
volume) and handedness (see below). The unit highest-grade multivector is called the
pseudoscalar, or directed volume element. The latter name is more accurate, but the
former is seen more often. (Though be careful with this usage — pseudoscalar can
mean different things in different contexts). To simplify, we introduce the symbol I,

I = e ezes. (1.3)
Our 3-d algebra is therefore spanned by

1 {e:} {e;ne;} [ =eeses
1 scalar 3 vectors 3 bivectors 1 trivector

(1.4)

These define a linear space of dimension 8 = 2. We call this algebra G3. Notice that
the dimensions of each subspace are given by the binomial coefficients.
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Figure 1: Handedness. The two frames shown are, by convention, assigned a right-
handed orientation. Both e;e, and ejejes give rise to right-handed pseudoscalars for
their respective algebras.

The pseudoscalar is, by convention, chosen to be right-handed. This is equivalent
to saying that the generating frame {e;, ey, e3} is right-handed. If a left-handed set
of orthonormal vectors is multiplied together the result is —I. There is no intrinsic
definition of handedness — it is a convention adopted to make our life easier. In 3-d a
right-handed frame is constructed as follows. Align your thumb along the es direction.
Then the grip of your right hand specifies the direction in which e; rotates onto e,
(Fig. 1). The handedness of a frame changes sign if the positions of any two vectors
are swapped.

2 Products in G;

Any two vectors in the algebra, a and b say, can be multiplied with the geometric
product, and we have

ab=a-b+ anbd. (2.1)

Now the bivector aAb belongs to a 3-d space, spanned by the {e;Ae;}. If we expand
out in a basis,

3
a = Z a;€e;, b= Z biei, (22)

we find that the components of the outer product are given by
aAb = (a263 — bgag)ez/\eg + (Clgbl — albg)eg/\el + (a162 — agbl)el/\eg. (23)

The components are the same as those of the cross product, but the result is a bivector
rather than a vector. To understand the relationship between these we first need to
establish the properties of some of the new products provided by our 3-d algebra.



2.1 Vectors and Bivectors

The three basis bivectors satisfy
(6162)2 = (6263)2 = (6361)2 = -1 (24)

and each bivector generates 90° rotations in its own plane. So, for example, we see
that

61(61 /\62) = 61(6162) = €gq, (25)

which returns a vector. The geometric product for vectors extends to all objects in the
algebra, so we can form expressions such as aB, where B is a general bivector. But
we have now seen that ej(eyAes) is a trivector, so the result of the product aB can
clearly contain both vector and trivector terms. To help understand the properties of
the product aB we first decompose a into terms in and out of the plane,

a=a)+a; (2.6)
(see Fig. 2). We can now write aBB = (a + a1)B. Suppose that we also write
B = CLH/\b (27)
where b is orthogonal to a in the B plane (Fig. 2). We see that
a) B = aj(a Ab) = a(ayb) = (a))*b (2.8)
which is a vector in the b direction. On the other hand
a,B=ai(aA\b) =a,a;b (2.9)

is the geometric product of 3 orthogonal vectors, and so is a trivector. As expected,
the geometric product of the vector a and the bivector B has resulted in two terms, a
vector and a trivector. We therefore write

aB=a-B+aAB (2.10)

where the dot is generalised to mean the lowest grade part of the result, while the
wedge means the highest grade part of the result.

2.2 Inner Product a-B

From Eq. (2.8) we see that the a-B = a)- B term projects onto the component of a in
the plane, and then rotates this through 90° and dilates by the magnitude of B. We
also see that

a-B= a||2b = —(CLHb)aH = —B-a, (2.11)
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Figure 2: A vector and a plane. The vector a is decomposed into a sum of two vectors,
one lying in the plane and the other perpendicular to it.

so the dot product between a vector and a bivector is antisymmetric. We use this to
define the inner product of a vector and a bivector as

a-B=3(aB — Ba). (2.12)

1
2

To see that this always returns a vector, consider the inner product a-(bAc). Following
the rules for the geometric product we form:

a(b/c) =3a(be — cb)
=(a-b)c — (a-c)b — 1(bac — cab)
=2(a-b)c — 2(a-c)b+ 1(bc — cb)a
=2(a-b)c — 2(a-c)b+ (bAc)a, (2.13)

where we have made repeated use of the rearrangement
ba = 2a-b — ab. (2.14)
It follows immediately that
a-(bre) = L(a(bAc) — (bAc)a) = (a-b)e — (a-c)b, (2.15)

which is indeed a pure vector. This is one of the most useful results in geometric
algebra and is worth memorising.

2.3 Outer Product aAB

From Eq. (2.9), the aAB term projects onto the component perpendicular to the plane,
and returns a trivector. This term is symmetric

aANB =a,ab=aba, = BAa. (2.16)



We therefore define the outer product of a vector and a bivector as

a\B = >(aB + Ba). (2.17)

1
2

Various arguments can be used to show that this is a pure trivector (see later). We now
have a definition of the outer product of three vectors, aA(bAe). This is the grade-3
part of the geometric product. We denote the operation of projecting onto the terms
of a given grade with the (), symbol, where r is the required grade. Using this we can
write

aN(bAe) = (a(bAc))s = (a(bc — b-c))s. (2.18)

But in the final term a(b-c¢) is a vector (grade-1) so does not contribute. It follows
that

aN(bAhe) = (a(bc))s = (abc)s, (2.19)

where we have used the fact that the geometric product is associative to remove the
brackets. It follows from this simple derivation that the outer product is also associat-
ive

(aAb)Ac = aN(bAe) = anbAc. (2.20)

This is true in general.

The trivector aAbAc can be pictured as the parallelepiped formed by sweeping aAb
along ¢ (see Fig. 3). The same result is obtained by sweeping b A ¢ along a, which is
the geometric way of picturing the associativity of the outer product. The other main
property of the outer product is that it is antisymmetric on every pair of vectors,

aANbAc = —bANaANc =cAalb, etc. (2.21)

This expresses the geometric result that swapping any two vectors reverses the orient-
ation (handedness) of the product.

2.4 The Bivector Algebra

Our three independent bivectors also give us a further new product to consider. When
multiplying two bivectors we find, for example, that

(61/\62)(62/\63) — €1€ze2e3 — €e€3, (222)
resulting in a third bivector. We also find that

(62/\63)(61/\62) — €3€2€2€] — €3€; — —€1€3, (223)



Figure 3: The Trivector. The result of sweeping aAb along ¢ is a directed volume, or
trivector. The same trivector is obtained by sweeping bAc along a.

so the product is antisymmetric. The symmetric contribution vanishes because the two
planes are perpendicular. If we introduce the following labelling for the basis bivectors:

Bl = €3€3, B2 = €3€q, B3 = €1€9 (224)
we find that the commutator satisfies
BZ'B]‘ — B]BZ == —262']‘kBk. (225)

This algebra is closely linked to 3-d rotations, and will be familiar from the quantum
theory of angular momentum.

It is useful to introduce a symbol for one-half the commutator of 2 bivectors. We call
this the commutator product and denote it with a cross, so

AxB=L(AB - BA) (2.26)

The commutator product of two bivectors always results in a third bivector (or zero).

The basis bivectors all square to —1, and all anticommute. These are the properties
of the generators of the quaternion algebra. This observation helps to sort out some
of the problems encountered with the quaternions. Hamilton attempted to identify
pure quaternions (null scalar part) with vectors, but we now see that they are actually
bivectors. This has an important consequence when we look at their behaviour under
reflections. Hamilton also imposed the condition 23k = —1 on his unit quaternions,
whereas we have

BleBg = €3€3€3€1€1€9 = —|—1 (227)
To set up a direct map we must flip a sign somewhere, for example in the y component:
'L.HBl, jH—BQ, kHBg (228)

This shows us that the quaternions were left-handed, even though the 2,7,k were
interpreted as a right-handed set of vectors. Not surprisingly, this was a source of
some confusion!



€3
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Figure 4: The product of a vector and a trivector. The diagram shows the result of the
pI’OdUCt 61[ = 61(616263) = €2€3

2.5 Products Involving the Pseudoscalar

The pseudoscalar I = ejeses is the unique right-handed unit trivector in the algebra.
This gives us a number of new products to consider. We start by forming the product
of I with the vector e,

[61 = €1€9€3E1] = —E€1€2€1€3 = €3€3. (229)

The result is a bivector — the plane perpendicular to the original vector (see Fig. 4).
The product of a grade-1 vector with the grade-3 pseudoscalar is therefore a grade-2
bivector. Reversing the order we find that

61[ = €1€1€2€E3 = €3€3. (230)

The result is therefore independent of order — the pseudoscalar commutes with all
vectors in 3-d,

la =al, foralla. (2.31)

It follows that I commutes with all elements in the algebra. This is always the case
for the pseudoscalar in spaces of odd dimension. In even dimensions, the pseudoscalar
anticommutes with all vectors, as can be easily checked in 2-d. We can now express
each of our basis bivectors as the product of the pseudoscalar and a dual vector,

e e; = les, ere; = ley, ese; = le,. (2.32)
This operation of multiplying by the pseudoscalar is called a duality transformation.
We next form the square of the pseudoscalar
I? = ejeseseie0e5 = e1eze1e5 = —1. (2.33)

So the pseudoscalar commutes with all elements and squares to —1. It is therefore a
further candidate for a unit imaginary. In some physical applications this is the correct



one to use, whereas for others it is one of the bivectors. These different possibilities
provide us with a very rich geometric language.

Finally, we consider the product of a bivector and the pseudoscalar:
[(61/\62) = [61626363 = [[63 = —eE€s. (234)

So the result of the product of I with the bivector formed from e; and e; is —es, that
is, minus the vector perpendicular to the e; Aes plane. This affords a definition of the
vector cross product in 3-d as

axb=—I(and). (2.35)

The bold x symbol should not be confused with the x symbol for the commutator
product. The latter is extremely useful, whereas the vector cross product is largely
redundant now that we have the outer product available. Equation (2.35) shows how
the cross product is a bivector in disguise, the bivector being mapped to a vector by
a duality operation. It is also now clear why the product only exists in 3-d — this is
the only space for which the dual of a bivector is a vector. We will have little further
use for the cross product and will rarely employ it from now on. This means we can
also do away with the awkward distinction between axial and polar vectors. Instead
we just talk of vectors and bivectors.

The duality operation in 3-d provides an alternative way to understand the geometric
product aB of a vector and a bivector. We write B = Ib in terms of its dual vector b,
so that we now have

aB = 1lab=1(a-b+ aAb). (2.36)
This demonstrates that the symmetric part of the product generates the trivector
aAB = I(a-b) = {(aB + Ba), (2.37)
whereas the antisymmetric part returns a vector
a-B =1I(aAb) = }(aB — Ba). (2.38)

This justifies the definition of the inner and outer products between a vector and
bivector. As with pairs of vectors, these combine to return the geometric product,

aB=a-B+aAB. (2.39)

3 Further Definitions

An important operation in GA is that of reversing the order of vectors in any product.
This is denoted with a dagger, AT. Scalars and vectors are invariant under reversion,
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but bivectors change sign,
(eleg)Jr = ee; = —ee,. (3.1)
Similarly, we see that
It = eseqe; = ejezes = —ejeqse; = —1. (3.2)
A general multivector in 3-d can be written
M=a+a+ B+ p3l. (3.3)
From the above we see that
M'=a+a—-B-p3I (3.4)

The choice of the dagger symbol reflects the fact that, if one chooses to adopt a Her-
mitian matrix representation for the vector generators, the reverse operation corres-
ponds to the Hermitian adjoint for matrices.

It is also useful to adopt the operator ordering convention that, in the absence of
brackets, inner and outer products are performed before geometric products. This cleans
up expressions by enabling us to remove unnecessary brackets. For example, on the
right-hand side of Eq. (2.35) we can now write

axb = —IaNb. (3.5)
We have already introduced the (), notation for projecting onto the terms of grade-r.

For the operation of projecting onto the scalar component we usually drop the subscript
0 and write

(AB) = (AB) (3.6)

for the scalar part of the product of two arbitrary multivectors. The scalar product is
always symmetric

(AB) = (BA). (3.7)
It follows that
(A---BC)=(CA---B). (3.8)

This cyclic reordering property is very useful in practice.
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a=ay+a a’
a'=a; —a

a|

Hyperplane

Figure 5: A reflection in the plane perpendicular to m.

4 Reflections

Suppose that we reflect the vector a in the (hyper)plane orthogonal to some unit
vector m (m? = 1). The component of @ parallel to m changes sign, whereas the
perpendicular component is unchanged. The parallel component is the projection onto
m:

a)=a-mm. (4.1)

(NB operator ordering convention in force here.) The perpendicular component is the
remainder

a,=a—amm=(am—am)m=a/\mm. (4.2)

This shows how the wedge product projects onto the components perpendicular to a
vector. The result of the reflection is therefore

a’:aL—aH =—amm-+amm

= —(m-a+mAha)m = —mam. (4.3)

This remarkably compact formula only arises in geometric algebra. We can start to
see now that geometric products arise naturally when operating on vectors.

It is simple to check that our formula has the required properties. For any vector Am
in the m direction we have

—m(Am)m = —Ammm = —\m (4.4)
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and so Am is reflected. Similarly, for any vector n perpendicular to m we have
—m(n)m=—mnm=nmm=nmn (4.5)

and so m is unaffected. We can also give a simple proof that inner products are
unchanged by reflections,

a'-b' = (—mam)-(—mbm) = (mammbm)
= (mabm) = (mmab) = a-b. (4.6)

We next construct the transformation law for the bivector @ A b under reflection of

both a and b. We obtain

a'A\b' = (—mam)A\(—mbm) = (mammbm — mbmmam)
im(ab —ba)m = marbm. (4.7)

We recover essentially the same law, but with a crucial sign difference. Bivectors do not
transform as vectors under reflections. This is the reason for the confusing distinction
between polar and axial vectors in 3-d. Axial vectors invariably arise as the result
of the cross product. They are really bivectors and should be treated as such. This
also explains why 19th century mathematicians were confused by the transformation
properties of the quaternions. They were expected to transform as vectors under
reflections, but actually transform as bivectors (i.e. with the opposite sign).

5 Rotations

For many years, Hamilton struggled with the problem of finding a compact represent-
ation for rotations in 3-d. His goal was to generalise to representation of 2-d rotations
as a complex phase change. The key to finding the correct formula is to use that result
that a rotation in the plane generated by two unit vectors m and n is achieved by suc-
cessive reflections in the (hyper)planes perpendicular to m and n. This is illustrated
in Fig. 6. It is clear that any component of a outside the mAmn plane is untouched. It
is also a simple exercise in trigonometry to confirm that the angle between the initial
vector @ and the final vector a” is twice the angle between m and n. The result of
the successive reflections is therefore to rotate through 26 in the mAmn plane, where
m-n = cos(f).

So how does this look in GA?

a' = —mam (5.1)

a”" = —na'n = —n(—mam)n = nmamn



13

"

mAn

Figure 6: A Rotation from 2 Reflections. a’ is the result of reflecting a in the plane
perpendicular to m. a” is the result of reflecting @’ in the plane perpendicular to n.

This is beginning to look very simple! We define the rotor R by
R =nm. (5.3)
Note the geometric product here! We can now write a rotation as

a — RaR' (5.4)

Incredibly, this formula works for any grade of multivector, in any dimension, of any
signature! To make contact with the 2-d result we first expand R as

R=nm=n-m+nAm = cos(f) + nAm. (5.5)
So what is the magnitude of the bivector nAm?

(nAm)-(nAm) = (nAmnAm)=(nmnAm)
=n-[m-(nAm)] = n-(mcos(d) — n)

= cos*(0) — 1 = —sin*(0). (5.6)
We therefore define a unit bivector in the mAmn plane by
B=mAn/sin(0), B*=-1. (5.7)

This choice of orientation (mAmn rather than nAm) ensures that the bivector has the
same orientation as the rotation, as can be seen in Fig. 6.
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In terms of the bivector B we now have
R = cos(0) — Esin(@). (5.8)

Look familiar? This is nothing else than the polar decomposition of a complex number,
with the unit imaginary replaced by the unit bivector B. We can therefore write

A

R = exp(—B9). (5.9)

The exponential here is defined in terms of its power series in the normal way. It is
possible to show that this series is absolutely convergent for any multivector argument.
(Exponentiating a multivector is essentially the same as exponentiating a matrix).

Now recall that our formula was for a rotation through 26. If we want to rotate through
f, the appropriate rotor is

R = exp{—B0/2} (5.10)
which gives us the final formula
ars e B2 g eB0/2 (5.11)

This describes a rotation through € in the B plane, with orientation specified by B.
The GA description forces us to think of rotations taking place in a plane as opposed
to about an axis. The latter is an entirely 3-d concept, whereas the concept of a plane
is quite general.

Rotors are one of the fundamental concepts in geometric algebra. Since the rotor R is
a geometric product of two unit vectors, we see immediately that

RR' = nm(nm)! = nmmn =1 = R'R. (5.12)

This provides a quick proof that our formula has the correct property of preserving
lengths and angles,

a'-b' = (RaR")-(RbR') = (RaR'RbR') = (RabR') = a-b. (5.13)

Now suppose that the two vectors forming the bivector B = aAb are both rotated.
What is the expression for the resulting bivector? To find this we form

B =d Ab = L(a'b —ba')=Li(RaR'RbR" — RbR'RaR')
= Y(RabR' — RbaR') = LR(ab — ba)R' = RanbR' = RBRY.  (5.14)

1
2
Bivectors are rotated using precisely the same formula as vectors! The same turns out
to be true for all geometric objects represented by multivectors. This is one of the
most attractive features of geometric algebra.
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6 Properties of Rotors

Let us consider the problem of rotating a unit vector n; into another unit vector ny in
3-d space, where the angle between these two vectors in #. What is the rotor R which
performs such a rotation? If R is the rotor we require then it must satisfy ny, = Rnq R
which, under multiplication on the right by R gives,

Now consider the quantity (1 + mamy). Since n,? = ny? = 1, we see that

n2(1 + ngnl) =1+ Ny (62)
(1 + ngnl)nl =11+ Ny (63)

so equation (6.1) is satisfied if R o (1 + nyny). It remains simply to normalize R so
that it satisfies RRT = 1. If R = a(1 4+ nyn,;) we obtain

RRT = Oéz(l + ngnl)(l + nlng) = 20[2(1 + ng-nl), (64)

which gives us the following formula for R:

1 + naony

R= (6.5)

V21 +myny)

We can recover our earlier expression by first noting that

V2(1 4+ ny-nq) = 2cos(0/2). (6.6)

The rotor R can be now written as

noAn; . 0 nyAny
R = cos(0/2) + sin(0/2) = ex (——7>, 6.7
072)+ 2 in(02) = exp (5 A (6.7
where |ny A nq| is the magnitude of the bivector ny A mq, defined by
1/2
|TL2 A TL1| = <(n2/\n1)(n1/\n2)> . (68)

In this way the rotor is again written as the exponential of a bivector, recovering
Eq. (5.9). An alternative representation, available only in 3-d, is to introduce the dual
vector n and write the rotor as

R =exp (—[gn> = cos(6/2) — Insin(6/2). (6.9)

This generates a rotation of § radians about an axis parallel to the unit vector n in a
right-handed screw sense. (This is precisely how 3-D rotations are represented in the
quaternion algebra.)
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6.1 Composition Law

A feature of the rotor treatment of rotations is the ease with which rotations can now
be combined. Suppose that the rotor R; takes the vector a to the vector b,

b= RiaR!. (6.10)
If the vector b is now rotated by a second rotor R; to the vector ¢, we have
¢ = R,bR!, (6.11)
and therefore
c = (RyRy)a(RyRy)'. (6.12)
The combined rotation is therefore generated by the composite rotor
R=RyR,. (6.13)

This is the group composition law for rotors. It is straightforward to check that this
results in a new rotor.

This composition rule has two important features. The first is that in finding the
composite rotor a mazimum of 16 multiplications is required. This compares favourably
with the 27 required when multiplying together 2 rotation matrices. The second is that
we have far better control over numerical errors when combining rotors. If numerical
errors do arise, the worst that can happen is that the rotor is no longer normalised
exactly to 1. This is easily rectified by rescaling. No such simple method is available
with rotation matrices. If numerical errors mean that the matrix is no longer orthogonal
there is no simple method to recover the “nearest” orthogonal matrix.

6.2 Frames and Reciprocals

A frequently-encountered problem is how to find the rotor given two arbitrary sets
of vectors, known to be related my a rotation. To solve this problem we must first
introduce the notion of a reciprocal frame. Given a set of linearly independent vectors
{e;} (where now no assumption of orthonormality is made), the reciprocal frame, {e’},
is defined such that

e'-e; =4 (6.14)

We construct such a reciprocal frame in n-dimensions as follows:

el = (=1) ey Aes A A& A Ney I (6.15)
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where I, = e; Ae; A --- Ae, and €; indicates that e; is missing from the product. In
three dimensions this is a very simple operation and the reciprocal frame vectors for a
linearly independent set of vectors {e;} are as follows:

el = —JeyNe;
«
1
e’ = —lesNe; (6.16)
«
e’ = —le Ney,
«

where o = esAeyAe;.

A vector a can be expanded in either frame as follows (summation convention in force)
a=ae =(a-e;e’ (6.17)
a=de;=(aée;. (6.18)
The identification of a; with a - e; is obtained by dotting the equation a = a;e’ with
e;. Similarly, the identification of @/ with a - e’ is obtained by dotting @ = a’e; with
e'. So, given a general frame and a vector, the reciprocal frame is needed to construct

the components of the vector in the chosen frame. Of course, for orthonormal frames
there is no distinction between the frame and its reciprocal.

Suppose now that we have two sets of vectors in 3-d (not necessarily orthonormal) {ey}
and {f,.} which we know are related by a rotation. We hence know that

f, = Re R (6.19)
and we seek a simple expression for the rotor R. As we are in 3-d, we can write
R=eB2 and R'=eP/? = cos(|B|/2) + sin(|B|/2)B/|B|. (6.20)

We therefore find that
erfile" = eyfcos(|Bl/2) + sin(|B|/2) B/| Blle*
— 3cos(|B]/2) — sin(|B|/2) B/| B]
= 4cos(|B|/2) — R (6.21)
We now form
f.e" = Re,R'e* = 4cos(|B|/2)R — 1. (6.22)

It follows that R is a scalar multiple of 1 + f,e*. We therefore establish the simple
formula

po Ltfet ¢ (6.23)

L+ et V()
where ¢» = 1 + f,e*. This neat formula recovers the rotor directly from the frame
vectors. It works in all cases except when the rotation is through 180°, in which case
1 = 0. This is easily handled as a special case.
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6.3 Rotation Matrices

The conventional way to treat rotations is through the application of 3 x 3 orthogonal
matrices, which are applied to the coordinates of a vector in a given fixed orthonormal
frame. If we denote this frame by {e;} we have @ = ae; and

a' = RaR' = djes. (6.24)
The components of the rotated vector a’ are related to the original components by
a: = Ry;a; (6.25)
where R is an orthogonal matrix. From the preceding we have
d.=e;-a’ = e;-(RaR') = e;-(Re;R")a;. (6.26)
It follows that the matrix components are given by
Ri;; = e;-(Re,; R"). (6.27)

As expected, the components depend quadratically on the rotor R. It follows that R
and — R encode the same rotation. Even for the simplest rotations, one can see that
the rotor encoding is significantly more compact than the matrix expression.

Given a rotation matrix R;; one can recover the rotor efficiently by adapting Eq. (6.23).

We define
77/) =1 + Rijeiej =1 + RejRTej (628)

so that the rotor is given by

Re—" (6.29)

V()

This result makes it easy to convert from the standard formulation to the geometric
algebra framework.

6.4 Euler Angles

The Standard Fuler angle formulation of rotations is to express any rotation as a
combination of 3 rotations:

1st: rotate ¢ about the ez axis
2nd: rotate § about the rotated e; axis
3rd: rotate v about the rotated ej axis



In traditional accounts this is involves defining a set of 3 rotation matrices
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cos¢p sing 0 1 0 0
A= —sing cosgp 0], Ay=1|0 cosf sind
0 0 1 0 —sinf cosé
cosyp siny 0
As = | —siny cosyp 0 (6.30)
0 0 1
we are then told to apply these matrices in reverse order to form
A — A1A2A3 (631)
so that the coordinates transform as ' = Axz. This matrix ordering is often con-

fusing and is justified using arguments based on mixtures of “active” and “passive”
transformations. It is therefore instructive to see how this looks in geometric algebra.

We start by defining the rotor

Ry = exp(—[%e;),),

(6.32)

which generates a rotation about the e; axis. Next we need a rotation about the

rotated e; axis, which is generated by
0 !
Ry = exp<—1561>
where €] = RlelRJ{. One can see, then, that
0
Ry = Ry exp(—lﬁelﬂﬂ.
Finally, we rotate about the new 3-axis, which requires the rotor
Ry = exp(—]%eé’)
where e} = RleegRIR;. In this case the rotor can be written as
Rs = Ry Ry eXp(—[%eg) RJ{R;
Now forming the combined rotor R we find that
R = RsRyRy = Ry R, eXp(—[%e;),)RJ{R;RgRl

0
=R exp(—lﬁelﬂi’{ﬁﬁ exp(—]%e;),)

0
= exp(—[%e;),) exp<—1561> exp(—[%e;),).

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)
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This fully explains the order in which the rotations are applied, and avoids all complic-
ations connected with changing frames midway through the calculation, or attempting
to distinguish rotations of coordinates, rotations of coordinate axes, and (“active”)
rotations of vectors.

Despite the clean form of the Euler angle formalism in geometric algebra, this is rarely
an optimal encoding for rotations. Given an arbitrary rotor, its decomposition into
Euler angles is not straightforward, and the product formula is equally messy. In
practice it is best to either work directly with the rotor R, or with its bivector generator

B, R = exp(—B/2).

6.5 Interpolating Rotors

Rotors are elements of a four-dimensional space, normalised to 1. They can be rep-
resented as points on a 3-sphere — the set of unit vectors in four dimensions. This is
the rotor group manifold. At any point on the manifold, the tangent space is three-
dimensional. This is the analog of the tangent plane to a sphere in three dimensions.
Rotors therefore require three parameters to specify them uniquely. The simplest choice
of parameters is directly in terms of the bivector generators, with

1B < . (6.38)

The rotors R and — R generate the same rotation, because of their double-sided action.
It follows that the rotation group manifold is more complicated than the rotor group
manifold — it is a projective 3-sphere with points R and — R identified. This is one
reason why it is usually easier to work with rotors.

Suppose we are given two estimates of a rotation, Ry and R;, how do we find the
mid-point? With rotors this is remarkably easy! Suppose that the rotors are Ry and
Ry. We first make sure they have the smallest angle between them in four dimensions.
This is done by ensuring that

(RoR!) = cosf > 0. (6.39)

If this inequality is not satisfied, then the sign of one of the rotors should be flipped.
The ‘shortest” path between the rotors on the group manifold is defined by

R(\) = Ryexp(AB), (6.40)
where
R(0) = Ry, R(1) = Ry. (6.41)
It follows that we can find B from
exp(B) = RIR;. (6.42)
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The path defined by exp(AB) is an invariant construct. If both endpoints are trans-
formed, the path transforms in the same way. The midpoint is

Ryijy = Roexp(B/2), (6.43)

which therefore generates the midpoint rotation. This is quite general — it works for
any rotor group (or any Lie group). For rotations in three dimensions we can do even
better. Ry and Ry can be viewed as two unit vectors in a four-dimensional space. The
path exp(AB) lies in the plane specified by these vectors: the rotors can therefore be
treated as unit vectors in four dimensions. The path between them lies entirely in the
plane of the two rotors, and therefore defines a segment of a circle.

The rotor path between Ry and R; can be written as

R(X) = Ro(cos A0 +sin A0 B), (6.44)
where we have used B = 0B. But we know that
exp(B) = cos +sinf B = RIR,. (6.45)
It follows that
R()) = Sfloa (sinf cos A0 4 sin AR} Ry — cos ) (6.46)
= Sii ; (sin(1 — A\)0 Ry + sin A Ry ), (6.47)

which satisfies R(A)RT(A) = 1 for all A. The midpoint rotor is therefore simply
sin(6/2
Ryjs = #(30 + Ry). (6.48)

This gives us a remarkably simple prescription for finding the midpoint: add the rotors
and normalise the result. By comparison, the equivalent matrix is quadratic in R, and
so 1s much more difficult to express in terms of the two endpoint rotation matrices.

Suppose now that we have a number of estimates for a rotation and wanted to find the
average. Again the answer is simple. First one chooses the sign of the rotors so that
they are all in the ‘closest’ configuration. This will normally be easy if the rotations
are all roughly equal. If some of the rotations are quite different then one might have
to search around for the closest configuration, though in these cases the average of such
rotations is not a useful concept. Once one has all of the rotors chosen, one simply
adds them up and normalises the result to obtain the average. This sort of calculation
can be useful in computer vision problems where one has a number of estimates of the
relative rotations between cameras, and their average is required.

The lesson here is that problems involving rotations can be simplified by working with
rotors and relaxing the normalisation criteria. This enables us to work in a four-
dimensional linear space and is the basis for a simplified calculus for rotations.
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7 Differentiation for multivector quantities

Here we give a brief discussion of the process of differentiating with respect to any
multivector. Having available such a calculus means that, in practice, it is easy to
take derivatives with respect to rotors and vectors and this makes many least-squares
minimization problems much simpler to deal with. In computer vision and motion
analysis one tends to draw frequently on an approach which minimizes some expression
in order to find the relevant rotations and translations — this is a standard technique
for any estimation problem in the presence of uncertainty.

If X is a mixed-grade multivector, X = > X,, and F(X) is a general multivector-
valued function of X, then the derivative of F' in the A ‘direction’ is written as A %
Ox F'(X) (here we use * to denote the scalar part of the product of two multivectors,

ie. Ax B=(AB)), and is defined as

A% O F(X) = Jim L7 = F(X)

T—0 T

(7.1)

For the limit on the right hand side to make sense A must contain only grades which
are contained in X and no others. If X contains no terms of grade-r and A, is a
homogeneous multivector, then we define A, xdy = 0. This definition of the derivative
also ensures that the operator A % dx is a scalar operator and satisfies all of the usual
partial derivative properties. We can now use the above definition of the directional
derivative to formulate a general expression for the multivector derivative dx without
reference to one particular direction. This is accomplished by introducing an arbitrary
frame {e;} and extending this to a basis (vectors, bivectors, etc..) for the entire algebra,

{es}. Then 0x is defined as
Oy = Ze‘](ej*aX), (7.2)

J

where {e’} is an extended basis built out of the reciprocal frame. The directional
derivative, ey * dx, is only non-zero when e; is one of the grades contained in X (as
previously discussed) so that dy inherits the multivector properties of its argument
X. Although we have here defined the multivector derivative using an extended basis,
it should be noted that the sum over all the basis ensures that dx is independent of
the choice of {e;} and so all of the properties of dx can be formulated in a frame-free
manner. One of the most useful results concerning multivector derivatives is

dx(XB) = B, (7.3)

where we assume that B and X contain the same grades. (If the grades are different
then only the terms in B which share grades with X are produced on the right.) From
this basic result one can also see that

Ox(XTB) = ox (X B = BT, (7.4)
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7.1 Rotor Calculus

Any function of a rotation can be viewed as taking its values over the group manifold.
In most of what follows we are interested in scalar functions, though there is no reason
to restrict to this case. The derivative of the function with respect to a rotor defines a
vector in the tangent space at each point on the group manifold. The vector points in
the direction of steepest increase of the function. This can all be made mathematically
rigorous and is the subject of differential geometry. The problem is that much off
this is over-complicated for the relatively simple minimisation problems encountered
in computer vision. Working intrinsically on the group manifold involves introducing
local coordinates (such as the Euler angles) and differentiating with respect to each
of these in turn. The resulting calculations can be long and messy and often hide the
simplicity of the answer.

Geometric algebra provides us with a more elegant and simpler alternative. We relax
the rotor normalisation constraint and replace R by ©» — a general element of the even
subalgebra. It is straightforward to show that the derivative operator defined above
reduces to a simple form if we first decompose ¢ in terms of the {e;} basis as

v =t + Z Vrley (7.5)

k=1
where the {tg,... ,1¥3} are a set of scalar components. The multivector derivative then
becomes
< ]
Oy = — — le,—. 7.6
D SLL (7.6)

This derivative is independent of the chosen frame. It satisfies the basic result
Du(i4) = A (7.7)

where A is an even-grade multivector (independent of ¢). All further results for 9, are
built up from this basic result and Leibniz’ rule for the derivative of a product.

The basic trick now is to re-write a rotation as
RaR' = Yay". (7.8)
This works because any even multivector ¢ can be written as
v =p'’R (7.9)
where R is a rotor, p = ¥ and p = 0 if and only if ©» = 0. The inverse of ¢ is then

Wt = p7 2Rt (7.10)



24

so that
Yyt = RRT = 1. (7.11)

The equality of equation (7.8) follows immediately. If one imagines a function over a
sphere in three dimensions, one can extend this to a function over all space by attaching
the same value to all points on each line from the origin. The extension R +— ¥ does
precisely this, but in a four dimensional space.

We are now able to differentiate functions of the rotation quite simply. The typical
application is to a scalar of the type

(RaR') - b= (RaR'b) = (1»aib™'b). (7.12)

To differentiate this we need a result for the derivative of the inverse of a multivector.
We start by letting M be a constant multivector, and derive

0 = Oy (™ M) = 7" M + (b~ M), (7.13)
where the overdots denote the scope of the derivative. It follows that
Oy Mp) = ™' M. (7.14)

But in this formula we can now let M become a function of v, as only the first term,
p71, is acted on by the differential operator. We can therefore replace M by M~ to
obtain the useful formula

Oy M) = —p~ My, (7.15)

So, let us now consider the problem of finding the rotor R which ‘most closely’ rotates
the vectors {u;} onto the vectors {v;}, ¢ = 1,...,n. More precisely, we wish to find the
rotor R which minimizes

¢ = Z — Ru;R"? (7.16)
Expanding ¢ gives

(v;? — v;Ru; R' — Ru;R'v; + R(u;*)R")

<(vi2 +u;?) — 2<viRuiRT>>. (7.17)
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We now replace Ru; R' with ¢u;i»~! and differentiate, forming

Dpd() = =2 dy(vipup™)
=1
= =23 (BulbA) + Ou(B).
=1
where A; = w;v0"'v; and B; = v;tbu,; (using the cyclic reordering property). The
first term is easily evaluated to give A;. To evaluate the second term we can use

equation (7.15). One can then substitute 1» = R and note that R=' = R' as RRT = 1.
We then have

D) = =2 Z<ui¢_lvi _ ¢_1(Ui¢ui)¢_1>

oy i(ww—l)m ()

=4R"Y " wiA(Ru;R"). (7.18)
=1
Thus the rotor which minimizes the least-squares expression ¢(R) = >+, (v;— Ru; R")?
must satisfy
> viA(Ru;R) = 0. (7.19)
=1

This is intuitively obvious — we want the R which makes u; ‘most parallel’ to v; in the
average sense. The big advantage of the approach used here is that one never leaves
the geometric algebra of space, and the resultant bivector is evaluated in the same
space, rather than in some abstract tangent space on the group manifold. The solution
of equation (7.19) for R will utilize the linear algebra framework of geometric algebra
and is described in the following section.

8 Linear algebra

Geometric algebra is a very natural framework for the study of linear functions and non-
orthonormal frames. Here we will give a brief account of how geometric algebra deals
with linear algebra; we do this since many computer vision and engineering problems
can be formulated as problems in linear algebra.
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If we take a linear function F(a) which maps vectors to vectors in the same space then
it is possible to extend F to act linearly on multivectors. This extension of F is given

by
FlaiAazxA...ANa,) =F(a;)AF(az)A...AF(a,). (8.1)

The extended function preserves grade since F maps an r-grade multivector to another
r-grade multivector. The adjoint to F is written as F and defined by

Fla) = ei<F(ei)a>, (8.2)

where, as before, {e;} is an arbitrary frame and {e'} is its reciprocal frame. This
definition ensures that

a-F(b) =b-F(a), (8.3)

so the adjoint represents the function corresponding to the transpose of the matrix
which is represented by F. If F = F the function is said to be self-adjoint, or symmetric.
Symmetric functions satisfy

e:AF(e') =0, (8.4)

and this ensures that the any matrix representing F is symmetric. Similarly, if F = —F
then the function is antisymmetric.

As an illustration of the use of linear algebra techniques, we will discuss the solution

of equation (7.19). We first re-write the equation as

e:N = 0. (8.5)

Z R((ei-vi)uDRT

We now introduce a function F defined by
Fla) = Z(a-vi)ui. (8.6)

Equation (8.5) can then be written as
e;ARF(e' )R = 0. (8.7)

Let us now define another function R mapping vectors onto vectors such that R(a) =
RaR!. With these definitions equation (8.7) takes the form

e:\RF(e') =0, (8.8)
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which tells us that RF is symmetric. We now perform a singular-value decomposition
(SVD) on F, which enables us to write

F=5D (8.9)

where S is an orthogonal transformation and D is symmetric. Comparing with (8.8)
we see that a solution is provided by

R=5"1=35. (8.10)

The rotation R (and hence the rotor R) is therefore found directly from the SVD of
the function F.

9 Elasticity

The subject of the behaviour of solids under applied stress is one of the oldest in physics.
Despite its great history, the subject is still rapidly evolving, driven by advances in
engineering, and the advent of new materials with unusual properties. Here we review
how the combination of linear algebra and geometric calculus is applied to the subject
of elasticity. We show how arbitrary, nonlinear strains can be handled, before reducing
to the simpler linearised theory. We also look at the behaviour of an elastic filament,
which is the simplest system to extend to the nonlinear regime.

9.1 The Displacement Field

The central idea in treating elastic deformations is essentially the same as that used in
rigid body dynamics. We imagine an undeformed, reference configuration and denote
a position in this with the vector . Each point in the reference configuration maps
to a point y in the physical configuration. The map between these is a function of
position and time, which we write as

y = f(=1). (9.1)

(See Figure 7.) Now consider two points @ and @ + €a, close together in the reference
configuration. The distance between these is

|z + ea — x| = €|a. (9.2)

The images of these two points in space are, dropping the time dependence, f(2) and
f(x + ea). The vector between these is, to first order in ¢,

f®+ca)— f(x) =ca-Vf(x). (9.3)
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(¢t + ea)

Figure 7: An FElastic Deformation. The nonlinear function f(a) maps a point in the
reference configuration to a point in space. The directional derivatives of f(@) tell us
about the strains in the material.

The directional derivatives of f(x,t) therefore contain information about the local
distortion of the material. This information is summarised in the linear function

fla) =f(a;x,t) =a-Vf(z,t). (9.4)

This is a time-dependent linear function of a, defined for each point @ in the reference
configuration. One way to think of the function f(a) is as follows: suppose that the
material is filled with a series of curves (these could be realised physically using dyes
in the formation process, like in a multicoloured eraser). If the tangent vector to one
of these curves in the undistorted medium is given by the vector a then, after the
distortion, this vector transforms to f(a).

The distance between the images of the points  and « + ea is now
cf(a)| = e/(f(a)?). (9.5)
The f(a)? term can be written as
f(a)2 = (f(a)f(a)) = <aff(a)> = a-ff(a), (9.6)

where f is the adjoint (transpose) of the linear function f. The function g = ff is
therefore responsible for the change in distance between points in the undistorted and
distorted medium. This must therefore be directly related to the strain tensor for the
solid. The strain in the undistorted medium should be zero, which corresponds to f
being the identity. A suitable definition for the strain tensor £(a) is therefore

&(a) = 5(gla) —a). (9.7)

[
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The factor of 1/2 is included so that the strain tensor has the correct linearisation
properties.

An alternative definition of the strain tensor, which has a number of features to re-
commend it, is

E(a) = fIng(a). (9.8)
To date, this alternative definition has not been seriously considered. One advantage
of this choice is that

Tr(€) = In(det f) (9.9)

so the trace of the strain tensor is directly related to the volume scale factor. Which
of the possible definitions of the strain tensor should be used can ultimately only be
settled by the accuracy of the predictions of models based on the different choices.

The strain tensor is symmetric and tells us about the strains in the distorted body.
The function £(a) takes as its argument a vector in the fixed, undistorted medium, and
it returns a vector in the same medium. As with rigid body dynamics, this turns out
to be the easiest way to work. The function g(a) is symmetric, which ensures that any
overall rotational component of the strain has been factored out. g(a) is also positive
definite, so its properties are most naturally discussed in terms of its eigenvectors.
These are the directions in the reference body which are stretched, but not rotated, for
a given strain.

9.2 Stress and the Balance Equations

The contact force between two surfaces in the medium is a function of the normal to
the surface (and position and time). Cauchy showed that, given suitable continuity
conditions, the force must be a linear function of the normal. We write this as T'(n).
Since T(—n) = —T(n) it follows that Newton’s third law is immediately satisfied.
The function T'(n) takes as its argument a vector in the reference configuration, and
returns a vector in the material body (see Fig. 8). We need a means to pull this back
to the reference configuration, so that the stress can be related to the strain there. To
see how to do this we need to consider the balance equations (i.e. force laws) in the
material body.

The total force on an element of volume V' is found by integrating T'(n) over the surface
of the element, so we have

2
,oaa—t’;’ dV = %T(ds), (9.10)
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Figure 8: The Stress. The stress tensor T'(n) returns the force in the material body
over the plane with normal n, in the reference body.

where p = p(@) is the density in the undistorted medium. A simple application of the
divergence theorem converts the surface integral to a volume integral,

%T(ds) — /T(%) % (9.11)
from which we can read off the dynamical equation
0%y =
— =T(V). 12
Y —1(9) (9.12)

The second balance equation is found by considering the total couple on a volume
element, and relating this to the change in angular momentum. The total couple
about the point y, is

M = %(y — yo)AT(ds). (9.13)
This must be equated with the change in angular momentum,
0 : &
5 [py=vniav = [ - yonr1(¥)av (9.14)

Applying the divergence theorem again, we find that angular momentum balance is
satisfied provided

&»y/\T(ei) = f(el)/\T(eZ) =0. (915)
It follows that the tensor T (m) is symmetric, where
T(n)=f"'T(n). (9.16)

This is the (first) Piola-Kirchoff stress tensor. 7T(m) is a symmetric tensor defined
entirely in the reference configuration, since the f~! term maps the vector T'(n) back
to the reference copy. The Piola-Kirchoff tensor is the one that we must relate to the
strain tensor, via the constitutive relations of the material.
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9.3 Constitutive Equations

The strain tensor can, in principle, be a quite general function of the applied stresses.
Complications can include a lack of homogeneity and isotropy, viscosity, thermal and
chemical properties, and a dependence on the history of the body. For a wide range
of applications, however, we can restrict to the simplest case of a linear, isotropic,
homogeneous (LIH) body. In these the stresses and strains are related linearly by just
two parameters, the bulk modulus B and the shear modulus G. For LIH media the
relation between the applied stress T (a) and the strain £(a) is

T(a) = 2GE(a) + (B — 2G)Tx(E)a. (9.17)

The bulk modulus B describes how the body responds to isotropic pressure, as is the
case when the body is immersed in a liquid. The applied stress is then a uniform
pressure P in all directions, so we have

T(a) = - Pa. (9.18)

The sign is negative, because the force is a compression, rather than a stretch. Taking
the trace of both sides of equation (9.17) gives

—3P =3BTr(¢&). (9.19)
The distortion in the medium will be given by
fl®) = e + xo, (9.20)

where @ is the vector from the origin to its image in the physical configuration, and
A is the scale factor. It follows that

f(a) = Aa, (9.21)
and hence Tr(&) = 3(A? — 1)/2. The bulk modulus is then given by
2P

B=——7-—. 22
300 1) (9-22)

If we now linearise by setting A = 1 + €, we recover the familiar result that

P V

=3 = _PA—V (9.23)

where V' is the volume. Since the force is a compression, the change in volume AV will
be negative.

When a stress is applied along a single direction, the body will respond by stretching
along the direction of the applied force, and contracting in the other two directions.
The relative sizes of these effects is controlled by the shear modulus G — the second
of the two main elastic parameters. Given a set of constitutive relations and the
balance equations, one has enough information to compute the evolution of the system.
The resulting equations are, in general, highly complicated and nonlinear, even if the
material itself is linear. For this reason it is usual to work in the linear regime of small
deformations whenever possible.
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9.4 Linearised Elasticity

Suppose that the elastic deformation can be written as
' =fle)=x+ax+e (9.24)

where € is a vector field. The directional derivatives of this are denoted with an
underbar, so

€(a) =a-Ve. (9.25)
Working to first order, the strain tensor becomes

£(a) = b(ela) + €(a). (9.26)

The stress tensor T (a) gives the applied force over the surface perpendicular to a in
the reference configuration. In the linearised theory, this is the same as the force in
the material body (to first order). Assuming an LIH material, we then recover the
dynamical equations

0%€

(9.27)

For many applications we assume a harmonic time variation cos(wt), for which we
recover the vector Helmholtz equation,

v}V V-e+ vV (VA€) + w’e = 0. (9.28)

Here the equation has been expressed in terms of longitudinal and transverse sound
speeds v; and vy, given by
B+ 3G G
v} = 5 v = —. (9.29)
p p

The vector Helmholtz equation is used to study many phenomena, ranging from oscil-
lations of an elastic sphere to the propagation of waves created by an earthquake.

9.5 The Elastic Filament

We now treat the bending and twisting of an elastic filament under static loads. Sup-
pose that the filament is described by the curve @&(A). We will choose A to be the
affine parameter along the curve, so that & = dy@ is a unit vector. This vector can be
identified with the third vector of an orthonormal frame,

@' = f,=R(\)esR'(\). (9.30)
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The remaining two vectors then determine two directions perpendicular to the filament,
and can be used to describe any internal twisting in the filament. With this approach,
both the bending and twisting of the filament are described in the single equation for
the rotor R.

A thin beam or filament has stiffness to bending. When it is bent, a bending moment
(couple) is set up which is linearly related to the curvature. In terms of the two
principal directions in the filament, the appropriate formula for the bending moment
is

Y

M = 9.31
R ? ( )

where Y is Young’s modulus, [ is the relevant principal moment of area, and R is the
radius of curvature in the plane of the bending. The radius of curvature is determined
by the magnitude of the projection of the vector f; into the relevant plane. So the
radius of curvature in the f, f; plane, for example, is given by

R% 1 (FoF ) fofl = 1 1. (9.32)

To compute f5 we first need to establish an important result for the derivative of a
rotor. Rotors are normalised to unity, so RR' = 1. Differentiating this, we obtain

R'Rt+ RRY =0. (9.33)
It follows that
R'Rt = —RR" = —(R'RH. (9.34)

The quantity R'R' is therefore equal to minus its reverse (and has even grade) so must
be a pure bivector. We set this equal to —{2/2, so that

R =-10R = —1RQp, (9.35)
where Qg = RTQR. It follows that
fi= ResR' + Res R = L(—Qf, + £,0) = £,-9, (9.36)
so the radius of curvature just picks out one coefficient of €.

Equation (9.31) can correspondingly be used to find the curvature induced by an ap-
plied couple C'. With €' and € given in terms of components by

C=> alf,, Q=> " wlf,, (9.37)
k k
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we find that the curvature and the couple are related by
C1 = Yilwl, Cy — Yigtdz, (938)
where 7y is the moment of area measured perpendicular to the f, direction.

In addition to its stiffness to bending, the filament has a stiffness to torsion. For the
case of elastic behaviour, the twist in the f,f, plane is proportional to the applied
torque, and we have

C3 = Glgfllfz = Gig(ﬂg. (939)
The applied couple C' and the ‘curvature bivectors’ ) and g are therefore related by
C =Y (i [ f, +igwy I f,) + Gisws [ f, = RI(Qp) R, (9.40)

which defines the linear function Z (which maps bivectors to bivectors). We can invert
this relation to give

Op =TI (R'CR), (9.41)

which expresses the curvature bivector g in terms of the applied couple C' and the
elastic constants. The full set of equations are now (9.30) and (9.41), together with
the rotor equation

dR
o —3R(QB + Qo), (9.42)

where the bivector €}y expresses the natural shape of the filament.

An advantage of this set of equations is that locally small distortions of the filament
can be allowed to build up into large, global deviations. An interesting simple case is
that of a wrench, where

Cle) =Co+ fAe, (9.43)

where Cy and f are respectively the couple and force applied at the ends. A wrench
such as this describes the general case of a light filament loaded at its ends. Figure 9
shows the type of distortion that can result.



35

Figure 9: A filament loaded at its two ends. Two directions are shown, though there is
also considerable structure in the third. The material has 7; = 75 and a zero Poisson
ratio.

10 Relevant Papers

The following list of papers, courses, and notes discuss in detail some of the applications
outlined in the talks.

C.J.L. Doran and A.N. Lasenby, Lecture Notes to accompany 4th year undergraduate
course on Physical Applications of Geometric Algebra, 2000.
Available at http://www.mrao.cam.ac.uk/~clifford/ptIIIlcourse/.

David Hestenes, New Foundations for Classical Mechanics (Second Edition).
Published by Kluwer Academic.

J. Lasenby and A. Stevenson. Using geometric algebra in optical motion capture.
In E. Bayro and G. Sobczyk, editors, Geometric algebra: A geometric approach to
computer vision, neural and quantum computing, robotics and engineering.

L. Dorst, S. Mann and T. Bouma. GABLE: A Matlab Tutorial for Geometric Algebra.

Available at www.carol.wins.uva.nl/~1leo/clifford/gablebeta.html
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C.J.L. Doran. Bayesian inference and geometric algebra: an application to camera
localization.

In E. Bayro and G. Sobczyk, editors, Geometric algebra: A geometric approach to
computer vision, neural and quantum computing, robotics and engineering.

J. Lasenby, W.J. Fitzgerald, A.N. Lasenby and C.J.L. Doran. New geometric methods
for computer vision — an application to structure and motion estimation.
International Journal of Computer Vision, 26(3), 191-213. 1998.

J. Clements. 1999 Beam buckling using geometric algebra.
M.Eng. project report, Cambridge University Engineering Department.

L. Dorst. Honing geometric algebra for its use in the computer sciences.
In G. Sommer, editor, Geometric Computing with Clifford Algebras. Springer.

M. Ringer and J. Lasenby, 2000 Modelling and tracking articulated motion from multiple

camera Views.

Cambridge University Engineering Department Report CUED /F-INFENG /-TR.378.
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Projective Drawing Board (PDB)

PDB is an interactive program for doing plane projective
geometry tha will be used to illustratethis lecture

PDB has been deve oped by

Harald Winroth and Ambjorn Naeve

as a part of Harald’ sdoctoral thess work at

the Computational Vision and Active Perception
(CVAP) laboratory at KTH .

PDB is avaliable as freeware under Linux.
www.nada.kth.se/~amb/pdb-dist/linux/pdb2.5.tar.gz
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Geometric algebrain n-dim Euclidean space

Underlying vector space V" with ON-basis €,,...,E .
Geometricalgebra G =G_=G(V") has 2"dimensions

A multivector is asum of k-vectors: M= 5 (M)
=0

A k-vector is a sum of k-blades M), =A +B +...

A k-blade = blade of gradek : B =b Ubl.Ll b

2

Notee B #0 < b,...,b arelinearly independent.

Hence: the grade of a blade is the dimension of the
subspace that it spans.




Blades correspond to geometric obj ects

blade equivalence class equal orientation
of grade of directed and

1 line segments length

2 surface regions area

3 3-dim regions volume

K K-dim regions k-volume




Pseudoscalars and duality
Def: A n-bladein G, iscalled apseudoscalar.

A pseudoscalar: P=p Upld.Ll p
A unit pseudoscalar: | =e Llel].[] e
The bracket of P: [P] =PI

The dual of amultivector X: Dual(X) = XI ™
Notation: Dual(X) = X

Note: If Aisak-blade, then A'isa(n-k)-blade.




The subspace of a blade

Fact: Toevery non-zero mblade B =1Db [l..
there corresponds am-dim subspace B O V"

with B = Linspan{b,,...,b }
= Linspa{bOV" :bB= O

Fact: If €,€,...,€& isanON-basisfor B

m

andif DB =D, fori=1..m,
then B =(deth, )e Oe[ .00 e,
=(detb, )ee,...e,.

b

m



Dual subspaces <=> orthogonal complements

Fact: |If Aisanon-zero m-blade A =A"

Proof: We can WL OG choose an ON-bassfor V"
such that

A=Aee...e and | =eeg...€

12 n-*
We then have

A=A"=%)e ..e
which implies that

A=A




Thejoin and the meet of two blades

Def: Given blades A and B, if there exists ablade C
suchthat A =BC =B LIC wesay that
Aisadividend of B and B is adivisor of A.

Def: Thejoin of blades A and B
IS a common dividend of lowest grade.

Def: The meet of blades A and B
IS acommon divisor of greates grade.

Thejoin and meet provide arepresentation in geometric

algebra of thelattice algebra of subspacesof V.




Join of two blades <=> sum of thair subspaces

Def:  FortwobladesAand Bwith ALIBEZ O

we can define: Join(A, B) = ALB.
Inthiscase  AB= A+ B An B=0.
Exanple Q#zaboV’
' b
anbs0&—
allb =a+b ={Aa+ub:A,uoR}

s :‘. _____ t__ t- 3 7% ..-.:_ =




M eet of blades <=> Inter section of subspaces

Def: Ifblades ABZO and A+B=V"
then: Meet(A B)=A0OB= (AO B)I .

In this case AlLB= An B.

Notee  The meet product is relaed

to the outer product
by duality:

(ADB)I™ = (A

B)Il'= A0 B

Dual(ALIBF Dud(A)] Dual(B)

N




Dual outer product

Dualisation:
G_LG
X X =X

Dual outer product:

GxG L G xOy =((x17) Oyl ™)
A
GxG 2L G x dy= (dy)y




. 3 —_—
Example: V° |, | =e lell e eeeg

A=elle =ee, , B=e¢ Lle =eg
A =(ele)l” =(ee)eee) =(-D'eeees =¢
B =(e Ue)l™" =(ee)leee) =¢

AOB= (AU B)l =(e Ue)(eee) =-¢

ATe —p




Projective geometry - historical perspective

1-d subspace paralléell to the ground plane

point

point at infinity

eye

ground plane

1-dim subspace through the eye




n-dimensional projective space P’

P" = P(V™) = theset of non-zero subspaces of V™.

A point Pisal-dimsubspace (spanned by al-bladea).
p=a ={Aa:A#0} za =aga, a #0.

A linel isa2-dim subspace  (spanned by a2-blade B,).
| =B, ={AB,:A #0} =B,.

Let B denote the sa of non-zero blades of the geometric
agebra G(V™) .  Hence we have the mapping

B =B | B e P




The projective plane P’

0z ab,x0OV’
{xZ£0:X

b

=

O



Theintersection of two linesin P?

A, B [1{non-zero 2-bladesin G}




Collinear points

L

I - -
_-- - —
- T TT==a
.- TTm==a
e e
T e T T m——
- s T T ———
T == T .-
- -
_- = =
-
-
2
-
z —

The points D, g, I' are collinear
ifandonlyif pULdJd # O.




Concurrent lines

Thelines P, Q, Rare concurrent
ifandonlyif (PUOQ)] R O,




Desar gues configur ation

Q:b, b A=Dblc
A\ A =b' Uc
S P B=cOa

'av' B' =c' 0a'

C=allb

"\
r
a b \ C = o Ob
a R=c' LIc

AI

BI

CI



Desar ques configuration (cont.)

P=a la p=A0A =(b0Ocd (b'Lc")
Q=Db'Ub g=BUOB =(cUa)l (c'a")
R=c'c r=CUC" =(alb)l (a'1b')
J=allbld e [abc]l
J'=a 0b' Oc =[a'bc]l
L eads to: pUGIE JJ'(\P Q)L R
=0if and only if =0if and only if
P,q,I are collinear P,Q,Rare concurrent




Desar ques theorem

pdb — desargue. 1#2 [view 1] _-i S pdb — desargue 1#2 [view 21 | F i [

File Edit Tools Macros Wiew object  Windows

File Edit Tools Macros  Wiew object - Windows

D, q, I' are collinear iff P, Q, Rare concurrent.




Pascal’ stheorem

Let a,b,c,a’,b befivegivenpointsin P?
Consider the second degree polynomial given by

p(x) = ((aUb’) L(a’ Lb)L
(b Dx)] (b Lic)L
((cUa’)(d a)) .

Itisobviousthat  p(a@) = p(b) =0
and easy to verify that ~ P(C) = p(a’) = p(b') =0 .

Hence pP(X) =0 must bethe equation
of the conic onthe 5 given points.




Verifying that p(@’) =0

p(a’) =

same line

A’/ \‘A
= ((a0b) O(a Db))Y) (B &) O(b' D))
- Za0b
same point
(c08)0(¥ ) =(@ Dby & =0
= a’




Pascal’ s theor em (cont.)

Hence, asixth point C' lies on this conic if and only if

p(c’) =((atb’)U(a’ Ob)L
(bOc")O(b" Oc) -
((cOa')d(c' Ua)F O .

Geometric formulaion:

The three points of intersection of opposite sides
of a hexagon inscribed in a conic are collinear.

Thisis aproperty of the hexagrammum mysticum,
which Blaise Pascal discovered in 1640, at the age of 16.




Pascal’ s theor em (cont.)

r=(allb’)(a b)) =1v 4
' 'c) =2v 5
a) =3v 6

sl+ O




Pascal’ s theor em (cont.)

— pdb — pascal. 1842 [view 1]

il

File Edit Taools Macros Wiew object

Wwindows

pdb — pascal 182 [view 2]

File Edit Taols Macros Wiew object

Windows |I

P=a“a’

R'=h"a’

The three points of intersection of opposite sides
of a hexagon inscribed in a conic are collinear.




pdb — pappus.1 [view 1]

File Edit Tools HMacros Niew object

windnwsl

Pappus’ theorem (ca 350 A.D.)

pdb — pappus.1 [view 2]

iz |

File Edit Tools HMacros Wiew object

Windows

If the conic degenerates into fwo straight lines,
Pappus theorem emerges as a special case of Pascal’s.

e=0vQ’

T=RvH’

L=d~f




Outer mor phisms

Def:  Amapping f:G - G
IS called an outermorphism
| f

i)  fislinear.
gy f)=t OtoR

@iy f(xOyE f(xO f(y)
iv) f(G)YOG" Ok O

X,y OG



Theinduced outer mor phism

L et T:V - V  denotealinear mapping.

Fact: T induces an outermorphism T:G-5G
given by
T(a U.Uazy T(@) L. T(a)
T(A) = /\ A OR

and linear extension.

Interpretation: T mapsthe blades of V
In accordance with how
T maps the vectorsof V.




Polarization with respect to aquadricin P’

Let T:V™ o V™ denoteasymmetric linear map,
whichmeansthat ~ T(X) LYy =x[T(y) , Ox,yoV™

The corresponding quadric (hyper)surface Q in P"
isgivenby Q={xoV™:xO(x)=0, xz0

Def:  Thepolar of the k-blade A with respect to Q
IS the (n+ 1-K)-blade defined by
— [ -1
Pol (A) =T(A) =T(A)I"




Polarization (cont.)
Note T =1id Q_{XDV”+1' 3<—O, X z0} .

Inthiscase  Pol (A) = Al ™ =
and polarization becomes Identical to dualization.

Fact: For ablade A we have
(i)  Pol (Pol (A)=A

(i) If Alistangentto Q
then Poly(A) istangent to Q.

Especially: If Xisapointon Q,
then Pol,(X) Isthe hyperplane
which is tangent to Q at the point X.
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Polarity with respect to a conic
P? Yy x Oy X

Pol _(X) Pol ()
° r‘\ °
’ ‘

/
Pol , (X) L Pol ,(Y)

Q
The polar of thejoin of X and Y = Pol (xOy)
isthe meet of the polarsof Xandy = Pol(X) LPol (Y)







Polar reciprocity

Let X,YOV™ represent twopaintsin =~ P".

Then we have from thesymmetry of T

yOT(x) =yO(T()1™)
=(yOoeo)™ =(xoy)
=x0(T(y)1™) =x0T(y).

Hence YUPol (X O < xUOpPol (yF O

I.e. the point y lies on the polar of the point X
If and only iIf X lieson the polar of V.




Brianchon’stheorem

Pascal line
(1640)




Thedual map

Let f:G - G belinear, G e

and assumethat  |1° # 0. l l

Def: Thedidmap F:G -G | G ———= G
_ _ _ f(X)=1(x)

is the linear map given by l . l

f(x)=f(xI)™ G %G

Note  f(X)=Ff(xI™)l =Ffxa™H)IPI?
= f(xI1H)1* = f(d)I* = f(X)




Polarizing a guadric with respect to another

be symmetric outermorphisms, and let
P={xo0G:xa3Yx)=0, x#0}
Q={x0G:xaT(x)=0, xz0}
be the corresponding two quadrics.

Fact:  Polarizing the multivectors of the quadric P
with respect to the quadric Q
gives aquadric R N
with equation ~ XO(T o SoT(X)) =0
andwehave  XOP < Pol (X)OR.




Thereciprocal quadric
Polarizingthequadric P : X0O3(X) =0
with respect tothequadric  Q: XxOT(X)=0
generatesthe quadric  R:  XO(ToSoT(X)) =0




Cartesian-Affine-Proj ective relationships
V' X ‘X=x+e e A
VPNV y —— .y =(Y[e,) y-e, eV

The affine part of WN N —
defined y o Pn \V

Projective Space:

P"\V" > *x €. y

* X N -1
A ( y n+1 ) y P\“_\“e gpa&:e




Theintersection of two linesin the plane
a,b,cd Q) AB,CD
p Y . p-(AAB)v(CAD)




Theintersection of two lines (cont.)

P=(AOBY (C D)
=[ADB] C|D-[AOBI D]C =aD-pBC

[AOB] C]=(ADEDI C)I*
=((a+e) O(b+ ) (¢ e))eee

=((a-c)0(b- oI (¢ e))ees

0=
(a-c) O(b- 90 e +
((a-c) O(b- o0 e)eee,
st 1 =((a-c) O(b- c)e)ees
Z(a-c)0(b- 0eg | =a




Theintersection of two lines (cont.)

In the same way we get

does not

contain €,
B=[ADBI D] =(AOBID)I* /
=(a—-d) O(b- d)ee

Hence we can write P as.

p=.P =.(aDb-£C)

=((aD-pC) &) (aD -BC) e,
=(a -B) (ad +ae, -fc —Pe) &,

+ (CY -B) (ad —fc)

does not
contain €,




Reflection in a plane-curve mirror

m(s+ ds)
me=m m’ At—m(s)

u =-t(p-mjt
U, =- tl(p-rnl)tl
g = Aémo (mau)v(mau,)

IN-caustic

I

curvature centre
of the mirror

out-caustic




Reflection in a plane-curve mirror (cont.)

Making use of the intersection formula deduced earlier

t

and introducing n:t—_ for the unit mirror normal
we get t
—m) )t —(p—m) [A)n
q_m:((p ) )(é?m)z) )
1- 2/
(p—m)

Thisis an expression of Tschirnhausen's reflection law.




Reflection in a plane-curve mirror (cont.)

Tschirnhausens
reflection formula

1,1 _ 2
u-m g-m v-m




Refer ences:

Hestenes, D. & Ziegler, R., Projective Geometry with Clifford
Algebra, Acta Applicandae Mathematicae 23, pp. 25-63, 1991.

Naeve, A. & Svensson, L., Geo-Metric-Affine-Projective
Unification, Sommer (ed.), Geometric Computations with
Clifford Algebra, Chapter 5, pp.99-119, Springer, 2000.

Winroth, H., Dynamic Projective Geometry, TRITA-NA-99/01,
|SSN 0348-2953, ISRN KTH/NA/R--99/01--SE, Dissertation, The
Computational Vision and Active Perception Laboratory, Dept. of
Numerical Analysis and Computing Science, KTH, Stockholm,
March 1999.




A Homogeneous Framework

for
Computational Geometry and Mechanics

David Hestenes
Department of Physics and Astronomy

Arizona State University, Tempe, Arizona, USA

Need: Euclidean geometry supplies essential mathematical
underpinnings for physics, engineering and

Computer-Aided Geometric Design.

Question: How should we formulate Euclidean Geometry to
e facilitate geometric modeling and analysis

e oplimize computational efficiency?

A fundamental problem in the Design of Mathematics

GEOMETRIC ALGEBRA Website:

http://modelingnts.la.asu.edu

Can access related websites from this one



Standard model for Euclidean 3-space:
£3 = R3 = {x} = 3d real vector space

Rigid body motions and symmetries described by
Fuclidean group E(3)
x — X =Rx+a

Invariant: (x —y)? = (x'—y’)?

Computations: Require coordinates and Matrices
x'] = [R][x] + |a]

Drawbacks:

FExtraneous information
(from arbitrary choice of coordinates)

Redundant matrix elements
(9 elements for 3 degrees of freedom)

Difficult to interpret
(parameters mixed in matrix elements)
Computationally inefficient

(9X9 vs. 3X 3 multiplications)



Geometric algebra eliminates need for coordinates:

Canonical form for orthogonal transformations:

Rx =& RxR™! parity € = %1
Reflection represented by a vector a a
X
Ax =—axa™! — _
X

Rotation = double reflection

Rx =

Iy
[s

X

=—b(—axa"!)b~!

= (ba)x(a™'b™!) = RxR™!
Rotation represented by a versor (rotor, spinor, quaternion)
R =ba

Reduces composition of rotations/reflections to

geometric product of versors:
RoRy = R3 > RoRy = R3

Extensive treatment in (Hestenes 1986)



Symmetries of the Cube

3 Generators: a, b, ¢ =pP=c*=1
Relations. (ab)* = -1
(bo)® = -1
(ca)® =-1



Problem:
Vector space model for €3 = R? = {x}

singles out one point for special treatment
as the origin x = 0
Drawbacks:

Often need to shift origin to

e simplify calculations

e avoid dividing by zero

e prove results independent of origin
Rigid body displacements combine

e rotations multiplicatively and

e translations additively,

e destroying the simplicity of both

Solution:

Design a homogeneous model for £3 that

e treats all points equally

e treats both rotations and translations multiplicatively

[“homogeneous” in the sense of homogeneous coordinates|



Homogeneous Euclidean (Geometry

Arena: Minkowski Algebra Ryi11 = G(R"T11)
R+LL = yector space with signature (n + 1,1)
Null cone: {z|z? =0}

Hyperplane: {x|z-e =1}
Homogeneous model of Euclidean space:
E"={x |22 =0, z.e=1} e? =0
x called a point in £ e = point at infinity

Horosphere (F. A. Wachter 1792-1817), (originally with coordinates)

X.-e=1

)

Geometric algebra essential to make the horosphere

coordinate-free and computationally efficient



Hermann Giinther Grassmann (1809-1877)

Laid the foundations for geometric algebra
Set a direction for future development

But he failed to reach his main goal,

ultimately concluding that it was impossible

Grassmann’s Goal: To formulate

Fuclidean geometry as an algebra of geometric objects

(points, lines, planes, circles, etc.)

{ Synthetic} Integrated { Computati onal}
< >

geometry with geometry
_ married _
Interpretation —e : > Computation
O

The homogeneous model for £ within geometric algebra

reaches Grassmann’s Goal with many surprises!!!



Euclidean (Geometry is inherent in
algebraic properties of homogeneous points

I. Point-to-point distance from inner products:
0 0
(x—y)? =7 =20y + 47

(x —y)? = — 2z .y = Euclidean distance

—> Points must be null vectors!  Why Grassmann failed!

— Pythagorean theorem, triangular inequality, etc.

II. Lines and Planes from outer products

A=aANbAe = line segment or line thru pts a and b
A?2=(anbAe)?=(a—b)%=—2a+b= (length)?

P=aAbAcAe= plane segment or plane

0 1 1 1
P =(aAbAche) = 1 b(-)a a(;b Z:C — 4(area)?
1 cea c.b O

Cayley-Menger determinant (another historical curiosity)
Cayley, 1841 (Volumes) — Menger, 1931 (distance geometry)
Dress and Havel, 1993 (relation to GA)

I1I. Geometric relations from algebraic products

e.g.. Point x lies on the line A or plane P if and only if
xNA=0 xANP =0



The homogeneous model of £™ is related
to the standard inhomogeneous model by a

Conformal split:
A 1-to-1 mapping of £" = {x}
onto
the pencil of lines R™ = {x} through a fixed point e,
defined by

x — X=xANE|=xANeyNe

and the inverse mapping

X — ZC:XE—%X26+60
where egNe=F — E?=1
and eE=e=—Fe (absorption)

This implies the isomorphism: EM =R

and determines a split of the whole algebra:

Rp+11=Rn® Ria

where R,, = G(R"),

and Ri1,1 has the basis: {1,e,e,, F' = ¢, A e}



Conformal Splits for Simplexes

Point: a = (a— ; a%’e —e,) E = F(a+ 5 a% + ¢,)

—alF — —ae+eo

Product: ab= (aE)(Eb) = (a+1 a’e+ey)(b— 3 b%e— ¢)

1

2

—l(a—b)>+anb+Ll(a’b—-b%a)e+ (b—a)ey— i(b’— a®)E

N—— h ~~ d
a-b alb

Similar to the mess from the spacetime split in STA

* Line (or line segment) thru a, b, e b

aNbANe=aAbe+ (b—a)E
v RH
moment  tangent a a/b

Plicker coordinates

e Plane (or plane segment)

aANbANcANe=aAbAce+ (b—a)A(c—a)FE tangent/ b

H,—/ \ ~ J \
moment tangent 3

aN[(b—a)A(c—a)]=aAbAc

10



A Surprising algebra of spheres

All spheres and hyperspheres in £™ are uniquely

represented by “positive” vectors in R
« " 1(p,p) = sphere with radius p and center p
represented by vector s with

S
1,2 2

— p2 —
(se€)? P=5oe

Can simplify with constraint s. e =1, so
2 _ 2 _ 12
s“=p">0, p=s—35p%
Eqn. for sphere: z.5s=0, z?>=0

Conformal split: s = pE + 3(p?— p?)e + ¢,

zep=—2p> = p’=(x—p)

nee =10
2 _

e H"~Y(n) = hyperplane rep. by vector n with { )
n —=

Conformal split: n=nE—8 = n?’=n’=1

Eqn. for hyperplane: z+n =0, 2° =0 n

or: Xen =293 H"(n)

0>0

11



The homogeneous model of £™
maps all spheres and hyperplanes R"
into hyperplanes thru the origin in R"*1:1:

{:C‘:L‘.S:O, s2 >0 , S§.€ >0, T2 =0; z,5 ERn—i—l,l}
x.s=0 1is the eqn for a hyperplane thru the origin
i.e., a (n + 1)-dim subspace of R"*11

s-e=0 A sphere thru e =00 is a hyperplane

e Sphere determined by n + 1 points: ag, a1, as, ... a,
Ss=agANair Nas A ---Na, #0 tangent form

Radius p and center p given by duality:

s=—(agNayr Nag A Nay)l normal form
(%) = r= e
e Hyperplane = sphere thru oo, say ag = €
n=eANai Nag NN\ ay tangent form
n=—(eNagNag A\ ---Nay)l normal form

Eqn for sphere: £t As=0 <+ x.5=0
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Example: Simson’s construction

B A

s = AN B A C = circumcircle of triangle e NAANBAC

2_(5 )2 sts (CANBANA)«(ANBAC)
b= (5N e)? (eNANBAC)?

Se€

. ANBANCAD .
Identity: eNALANB1ANCq = 202 (H. Li)

ANBANCAND =0 <+—= eNA ANBiANC;=0

D lies on circumcircle <= A;, B;, (1 are collinear

13
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Rigid Displacements and Symmetries

Lorentz group} ~ { Conformal group ~ { Versor group
onR™ S Tlong"” RS 2 L inRna

Lorentz Trans. G ( = orthogonal trans.)

G(z) = eGx Gt =0z’ parity € = = 1

(G = versor representation of G ( = spin rep. if €= +1)
For homogeneous points r =a"? =0,

O is a scale factor to enforce cex' =eex =1

(not a Lorentz invariant)

e Conformal split
GeE[x + 5x%e +¢)]G™! = OB [x' + (x')%e + ¢ ]

x' = g (x) is a conformal trans. on R"

e Versor rep. reduces composition of conformal transformations

to versor multiplication

93(x) = g2[91(x)] = G3 = G2Gh

e Versor factors G = s ... $287 vectors 57 # 0

Euclidean group E(n) defined by Ge G~ = e

14



Rotations & translations generated
multiplicatively from reflections

Reflection in the n-(hyper)plane n?=1

n(z) =—nan~! =2 o=1
Split form: n =nk —ed n’=1
For plane thru pt ¢ nec=20 — d=n-c

e Rotation from planes n and m intersecting at point c:

G=mn=mFE+em-.c)(nF—en-c)

=mn—e(mAn)-c m
= R—e¢e(R X c)

n
mn = R ¢ /

R
m\/n - ; Spinors as directed arcs

e Translation from parallel planes m,n
G=mn=(mFE—0)(nE + ed)
=1+ %ae =Ta

where a = 2nd

e Inversion generated by sphere vector s

15



SE(3) = Special Euclidean group on &2

= { rigid displacements D} = {spinors D}
2

D(z) = Dx D1 D=TR
Translation by c: T=T.=1+ %ec

Rotation axis: n = RnR'

e Chasles’ Theorem: Any rigid displacement can be

expressed as a screw displacement

Proof: Find a point b on the screw axis so that
D =T T. R=1Tc Rp = RoTg,
where
R,=R+ebx R, c¢,=(c.n)

1— R?

Solution: b =c, (1 — R_Q)_l = lCLW

2

1
e Screw form: D = e2° S = a screw

se(3) = Lie algebra of SE(3) = {S =—in + em}
is a bivector algebra,

closed under Sl X SQ = %(5152 - 5251)

16



Screw theory follows automatically!

Screws: Sr =—imy + eny

Product: S1859 = 51 59+ 51 X S+ 51 ASs

Transform: S} = US, = USRU~! = Ady Sy
5155 = U(5152) Product preserving
= U(51°Sg—|—51 X So + 57 /\SQ)U_l

Invariants: Ue = e, Ui =1
— U(Sl/\SQ):Sl/\SQ :—ie(mlo n2+m2-n1)
S1e 5, =51+5 =—m;+.my (Killing Form)

Coscrew (Ball’s reciprocal screw)

Sy = (Siey )2 = %(Sz’eo + iey S) = ing + mye,

Invariant: S{" Sy = S5+ S1 = ((S1 A S2)ie, )

= ImMje* No + Mo e Ny
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Screw Mechanics (of a rigid body)

I Kinematics of body pt. = = DzoD ™} D = D(t)
D=1vVD i=Vex
o V=—itw+ev — X=wXX+V
= “instantaneous screw” v = CM velocity

® P=MV =ilw+mve =il + pe

= comomentum (a coscrew)

II Dynamics
e P=TW =il + fe, = coforce (wrench)
= K=V.W=w-I'+v.f=Power
K=iVeP=1lw.l+v.p=KE.
More in NFCM

IIT Change of Frame r — 2'=Uz=UzU"!
— V' =UV Covariant U=0
P =UP Contravariant

P V' =PV  Invariant
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